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GENERAL CHARACTERISTICS OF THE WORK

Relevance and level of development of the research topic

Contemporary developments in industrial automation have been driven by the integration of
intelligent robotic systems that exhibit self-learning behaviors and a high degree of operational autonomy.
These advanced robots are designed to function across a broad spectrum of tasks without requiring
constant supervision. Specifically, mobile robots with non-holonomic constraints and wheel-driven
locomotion are widely utilized in industrial automation, supporting activities such as assembly line
processes, warehouse navigation, and facility maintenance.

Numerous studies in the scientific domain focus on the synthesis of control architectures and the
optimization of dynamic trajectories. Particular emphasis has been placed on analytical and computational
methods for resolving control challenges—areas that have been profoundly shaped by the seminal
contributions of renowned scholars, including S. Wolfram, W.R. Ashby, W. McCulloch, W. Pitts, V.G.
Boltyanski, R. Bellman, P.K. Anokhin, L.S. Pontryagin, A.l. Diveev, N. Wiener, and A.N. Kolmogorov.

The implementation of optimal control strategies faces a key challenge: the inability to directly
apply time-parameterized control functions to actual physical systems. This limitation arises from the
open-loop configuration, which offers no correction mechanism in the presence of disturbances,
potentially leading to substantial trajectory deviations and failure to meet performance criteria. In mobile
robotics, effective control necessitates robust stabilization and high-fidelity trajectory tracking. The
stability of the closed-loop system is commonly ensured by stabilizing the state trajectory near an
equilibrium point within the state space, which serves as a foundation for robust autonomous operation.

Object of research

The focus of this study is on the maneuvering behavior of a two-robot system consisting of
nonholonomic mobile platforms with differential drive actuation.

Subject of research

The mathematical models and algorithmic support of the symbolic regression method, particularly
as applied to identifying interpretable control function expressions and their numerical parameter values.

The purpose of the dissertation work

This work seeks to contribute to the field of intelligent control by developing and improving
machine learning-based strategies for multi-agent systems, exemplified by a pair of non-holonomic
wheeled mobile robots. The pursuit of this goal necessitates addressing the following specific tasks:

1. An investigation into genetic programming methods, evolutionary optimization techniques,
and symbolic regression algorithms to advance automated model discovery and control system design.

2. Development of a numerical control approach that guarantees collision avoidance between
two mobile robotic agents, as well as between each agent and the obstacles in the workspace.

3. Development of a symbolic regression-based control synthesis method that exploits the small
variations principle to ensure stabilization of a robot towards a specified equilibrium point inside the state
space.

4. Application of an evolutionary algorithm to dynamically reposition stable equilibrium points
within a closed-loop control system that incorporates external feedback.
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5. The outcome of the stabilization stage must be mathematically represented through a system
of differential equations.

Methodology and research methods

The control object is endowed with a stabilization system that defines its essential dynamic
property: a stable point of equilibrium within the state space. Robot control is accomplished by
intelligently manipulating this point position, employing a methodological framework of an evolutionary
algorithm, symbolic regression, and mathematical modeling through systems of differential equations.

The inner-loop control system, designed to stabilize the system around an operating point of
equilibrium, is synthesized at an early stage and forms the cornerstone for the outer-loop control strategy
that governs equilibrium point positioning. Such points can be set statically or modified online to
accommodate environmental changes.

Through symbolic regression, control functions for mobile robots are automatically synthesized in
the form of human-readable mathematical expressions. These formalized algorithms govern system
behavior to meet mission objectives and maintain collision-free trajectories. Symbolic regression
facilitates the discovery of interpretable control functions by evolving both their functional form and
tunable parameters. It follows from the universality of symbolic representations that, in the general case,
symbolic regression can generate expressions that approximate the functional form of any neural network
to a desired degree of accuracy (A.l. Diveev, E. Yu. Shmalko, 2021).

Scientific novelty of the work

* An enhanced control problem formulation has been developed for nonholonomic mobile robotic
systems, which includes additional design requirements to ensure the development of the stabilization
system.

* A novel machine learning approach-symbolic regression-has been introduced to facilitate the
synthesis of control systems capable of achieving state-space stabilization.

* The new approach synthesizes a dynamical system described by differential equations,
leveraging the principle of small variations in the evolutionary processes of a genetic algorithm.

* A new computational solution is contributed to the trajectory optimization problem for paired
nonholonomic robots, explicitly accounting for geometric and kinematic constraints imposed by
surrounding obstacles.

* The fundamental problem of synthesizing control systems for nonlinear mobile robotic systems
with identification of dynamic equations has been solved.

Practical significance of the work

This study presents a synthesized optimal control methodology designed to solve trajectory and
stability problems by explicitly controlling the location of the robot’s stable point of equilibrium. The
resulting methodology introduces a novel control paradigm based on equilibrium-point modulation.

The proposed methodology is specifically designed to address practical engineering challenges by
reducing the gap between the theoretical mathematical model of the controlled system and its physical
realization. This objective is accomplished through the integration of an inner-loop stabilization within
the control architecture. Additionally, symbolic regression techniques exhibit broad applicability in the
synthesis of control laws across diverse dynamical systems.



Theoretical significance of the work

An optimal control problem is established under extended constraint conditions, including the
stipulation that the generated state-space trajectory must be attractive—that is, it must draw the system
state into a given neighborhood. The proposed solution tackles the synthesis of a stabilizing feedback
system for nonholonomic wheeled robots by engineering a stable point of equilibrium within the system’s
state space. And then, the control design is thereby reduced to the optimization of this point’s location.
The entire suite of computational tools employed is implemented as self-contained, automated numerical
procedures.

The degree of reliability of the results

The proposed method’s effectiveness is supported by empirical results, including comparative
assessments against Cartesian genetic programming (J. F. Miller, P. Thomson, 2000) and parse-matrix
evolution (L. Changtong, Zh. Shao-Liang, 2012). This study includes the development of a tailored
mathematical model for simulating the dynamics of the Khepera Il nonholonomic robot. Computational
experiments were conducted to verify the accuracy and consistency of the dissertation’s outcomes.

Approbation of research results

The fundamental principles and results were deliberated upon and showcased at many
international and Russian scientific conferences:

1. The XIV International Scientific and Practical Conference “Modern strategies and digital
transformations of sustainable development of society, education and science”. — Moscow: December 12,
2023.

2. The XXII International Scientific and Practical Conference “Challenges of our time and
development strategies of society in the conditions of the new reality”. — Moscow: December 15, 2023.

3. The 3rd International Conference on Engineering and Science, 3-4 May 2023 / AI-SAMAWA /
IRAQ.

Furthermore, the principal findings, theoretical contributions, and practical recommendations
derived from this dissertation have been disseminated through six peer-reviewed publications: four
indexed in Scopus and two published in journals recognized by the Higher Attestation Commission
(VAK).

Main provisions to be defended

1. The developed control optimization method consists of two steps, where step one exemplifies
stabilization step so that one nonholonomic mobile robot moved from 14 initial points to one terminal
point; while step two exemplifies optimization step, where two nonholonomic mobile robots move from
one initial point (different points) to a terminal one (also different points).

2. The variational synthesized genetic programming technique (VSGP) matrix consisting of 6
rows and 20 columns is used to define the control function of a nonholonomic mobile robot. The genetic
algorithm parameters are: population size of 256, number of generations of 1024, number of crossovers in
each generation of 128, variation depth of 10, and mutation probability of 0.75. A total of 30 functions are
used, which make up the code space in the first stabilization stage. Two of these functions are binary
operations, and 28 are unary.

3. To change the position of the robot's equilibrium point, a particle swarm optimization algorithm

is used with control parameters: a=0.5, f=0.8, y=1.5, and o=1, population size is 3500, number of
generations is 150.
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MAIN CONTENT OF THE WORK

In Chapter One, this literature review discusses common types of wheeled mobile robots and
explores key concepts such as manoeuvrability, stability, and controllability in relation to wheeled mobile
robots. The concept of motion modelling for differential drive-wheeled mobile robots encompasses the
study of kinematics and the examination of motion constraints, including both holonomic and
nonholonomic constraints. The chapter further reviews the key specialized terminologies in the navigation
field for wheeled mobile robots. Additionally, it provides an explanation of the various types of motion
control. The techniques devised for addressing control issues in mobile robots are categorized into
artificial intelligence, traditional, and hybrid techniques. Furthermore, the most recent literature pertaining
to this study is also examined utilizing these methodologies.

In Chapter Two, the methodology chapter provides a comprehensive overview of the formal
formulations of the problems of machine learning control. Firstly, the formulation of the problem of
machine learning can be regarded as the task of discovering an unknown function. Subsequently, the
formulations of the problems of control theory are presented, specifically those pertaining to the problems
of machine learning control. These include the problem of optimal control, the broader problem of control
synthesis, and the problem of optimal control centered around the stabilization system synthesis, known as
synthesized optimal control.

The Problem of Synthesized Optimal Control (The Problem Statement of This Study)

Based on the suggested approach, it is necessary to first establish the stability of the control object
within the state space before addressing the problem of optimal control. Hence, this approach is referred to
as synthesized optimal control. The central concept revolves around finding a control function that ensures
the existence of a stable point of equilibrium inside the state space of the differential equations system.
The control system comprises parameters that exert an effect on the equilibrium point's position. As a
result, the change in the equilibrium point's position controls the object in question.

In this study, equilibrium points are understood not in a mechanical sense, but in a mathematical
one: the coordinates of these points are parameters of the control equations and influence the calculated
shape of the trajectories.

Contemplate About the Statement of the Problem of Synthesized Optimal Control:
Assuming the control object mathematical model, expressed as differential equations system
a=f(x,u), (1)

with x — being a vector representing the state space, x € ", u — denotes a vector representing the control,
u € U € R™, and U — representing a compact set, m < n.

Provided the initial condition
x(0) = x°. (2)
Terminal condition is determined by

x[tf) = xf, (3)
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where ¢, represents the time at which the terminal condition is reached, ¢, is not explicitly provided but is
bounded

tr <t 4)
and ¢~ is provided.
Given the quality criterio e
Joo = J folx, u)dt — min. )
uell
o

It is crucial to pinpoint a control that matches to the subsequent form:

u=g(x*(t) —x) €U, (6)

where x*(t) is a time function.

The solution to the problem of synthesized optimal control and the finding of the control function
(6) are considered to be performed algorithmically in two steps, which are treated as sequential activities.

First step: Synthesis of Stabilization System

In the first step of stabilization, the problem of control synthesis is addressed in order to establish
the presence of astable point of equilibrium inside the state space. The problem statement can be
addressed using numerical solutions utilizing machine learning approaches.

The control object mathematical model (1) is given.
The initial conditions set is provided by
X, = {x%1, ..., %L}, @)

The terminal position gets provided. Any point in the state space has the potential to serve as the
terminal position, enabling the system to achieve stabilization at such point.

x(t*)=x" € R", (8)

where the value of t” is not provided, but bounded

. t, ecun t<t'and|x—x(tx")<e
th=1 . (9)
tT, HHa4ye
where x(t, ") is the system partial solution (1), and = and ¢~ are provided positive numerical values.
It is crucial to pinpoint a control that matches to the subsequent form:
u=g(x —x), (10)

that generally partial solution of the differential equations system

x = f[x,g[x* —x]). (12)
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Second step: Solution of the Problem of Optimal Control

As a second step in synthesized optimal control, following the solution of the problem of control
synthesis, the problem of optimal control (1)-(5) is addressed for the mathematical formula (11). This
entails the finding of a control function using the subsequent form:

x*(t) = h(t), (12)
to minimize the specified criterion (5).

At the second step, it is essential to observe that the dimension of the sought function (12) is
equivalent to that of the state space. In the context of this specific scenario, it is possible to search the
function as a piecewise constant function,

hit) =x*, if (i—1)A<t<IiA, (13)

where x** are obtained influential coordinates values of the point of equilibrium, i=1, ...,K, and A is a
provided time interval,

k=[5, (14)

Variational Genetic Algorithm (VarGA)

The effective solution is sought using a genetic algorithm known as the variational genetic
algorithm (VarGA), which operates in the ordered sets space of vectors with small variations to find the
proper solution (E. Sofronova, A. Diveev, 2021).

The genetic algorithm, in accordance with the small variations’ principle within the basic solution,
consists of the following sequential steps:

1. Define the basic solution such that this solution is deemed, based on the researcher's
perspective, to be the most proximate to the potential best solution.

b° = [b?..B°]". (15)
2. Generate ordered multisets form consisting of variation vectors as initial population
wi=(w, . W), i=1,..,1, (16)

where in this given context, I represents the cardinality of possible solutions within the initial
population, whereas D is the total count of variation vectors present in a single set.

All possible solutions within the initial population are derived through the implementation of
small variations onto the basic solution

bz’ — W:’ a bD — wi,ﬂ o wi,ﬂ—l P wi,l o bD, (17)

where each potential solution inside the population is an element of the D-neighborhood of the
basic solution

b'e D(bY),i=1,..,1. (18)

3. Determine the objective function value for every possible solution within the population
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F,=J(#(b))i=1,..1, (19)
where ¥ (b) represents the function that transforms a non-numerical structure's code into an
actual function.
4. The evolution cycle is executed unless the condition of stop is met:

l. Choose two sets of variations vectors at random

w, = (W, .. W), w,= (W, ., w*?) (20)
1. Determine the crossover probability based on the objective function values of the chosen
vectors
F F
P. =max{——,—= . (21)
T RR

If the generator of random number yields a value that is smaller than P, then the process

of crossover is executed.
Define the crossover point at random.

ke{1, .., D}. (22)

Following the crossover point, swap the variations’ vectors in the chosen sets to create two
novel sets of variation vectors that signify two novel solutions from the basic solution's D -
neighborhood

W, . = (Wr, . wrk,wekst | weP),
W, = (W, L, Wwes, Wyt wrP). (23)

ll.  Execute the mutation process with a specified probability for the newly discovered possible
solutions as sets of variations’ vectors (23). Pick a mutation point at random, then create a
new variations vector at that position.

Iv.  The objective function values for the newly discovered possible solutions will be
calculated. Based on these function values, the destiny of every novel possible solution will
be determined, whether it will be eliminated or added to the population as a replacement for
the present worst possible solution.

This chapter further provides an exposition on the synthesized genetic programming technique
(SGP), including its encoding process and search algorithm. Moreover, the relationship between this
technique and the small variations’ principle within the basic solution in order to create an innovative
technique known as variational synthesized genetic programming (VSGP) is investigated.

Synthesized Genetic Programming (SGP)

The technique used in this study was created by the researcher. This technique is brand new, being
the first instance in which this technique has been applied to solve the problem of control synthesis.
Synthesized genetic programming (SGP) eschews the utilization of graphical representations for
expressing codes of expressions.
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The next mathematical expression is an example of how to encode it manually by synthesized
genetic programming (SGP)

v=exp(qsx3+q,x3)sin(q,x,)+cos(-qx;,+x,), (24)

where g1, g2 and gs exemplify the parameters, x1, x2 and xs exemplify variables, and both exemplify
arguments of the mathematical expression.

In order to represent a mathematical expression in a coded form, it qualifies as satisfactory to
utilize the subsequent sets of arguments and primary functions:

e The arguments set

Fo={fo.1= %1:fo,2= X2, f5,57%3. fo,470 1. o 570 2: o673}, (25)
e The functions set that is characterized by one argument
Fi={f,1(2)=z.f1,(2)=2 f13(2)=2" f s (2)=sin(z), f, s (2)=cos(2), f ¢ (2)=exp(2)},  (26)
e The functions set that is characterized by two arguments

F,={f,,(z,.2,)=2,%2,, f.,(21,2,)=2,2,}, (27)

where the first component of the indexes stands for the number of arguments while the second one
exemplifies the function number, knowing that the argument of mathematical expression is signified when
the first component equals zero.

In general, the mathematical expression's SGP code is a six-row integer matrix. The first row of
the matrix denotes the indexes of functions belonging to the functions set that is characterized by two
arguments (27). The indexes of functions from the functions set that is characterized by one argument (26)
are represented by the second and fourth rows. The third and fifth rows represent the indexes of arguments
from the arguments set (25). The sixth row represents the priority, which will thereafter be elucidated to
elucidate its role. Within each column of the matrix, the second element (the one-argument function) and
the third element (the argument) represent the first argument for the first element of the column (the two-
argument function). Additionally, the fourth and fifth elements represent the second argument for the first
element of the column. The term of the pivot for each column means either the first argument (the second
and third elements) or the second argument (the fourth and fifth elements) of this column. The pivot can
be determined by assigning the priority (the sixth element in the column) of 1 or 2 to opt for the desired
pivot of the column. Even Nevertheless, in most contexts, its number is 1. It is important to acknowledge
that the number of rows in the SGP matrix is contingent upon the number of arguments employed in the
available functions. Specifically, when utilizing a three-argument function such as the if function, the
number of rows is going to be 8. This is due to each argument being allocated two elements in the column,
combined with the first element representing the three-argument function and the final element denoting
the priority. After completing the calculation for each column, the result of this column should be
appended to the set of arguments (25), progressively increasing the total number of arguments with each
calculation.

In order to implement Example (24) by this technique, let us get started by coding the expression
q,x; as the first column of the SGP matrix. For the first element in this column, determine the index of
multiplication function in the functions set that is characterized by two arguments (27); it is the number of
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2, fo,(z,.2,)=z,z,. For the second element, the function of the parameter g, is the identity function,
f1.1(z)=z, from the functions set that is characterized by one argument (26); the index of this function is 1.
For the third element, the location of the parameter g, in the arguments set (25) is 6. For the fourth
element, the variable x, function is the square f, ;(z)=z, and its index is 3 in the set (26). For the fifth
element, the location of the variable x, in the arguments set (25) is 2. The sixth element is the priority,

and its number is 1. As a result, the code of the expression g,x3 that represents the first column in the

matrix is [2 1 6 3 2 1]". After calculating this column, it will have been appended to the arguments set (25)
as the seventh element, denoted as (|F, [+1=6+1=7).

The final code of the SGP matrix, for example (24), can be expressed as:

22 1 2 2 1 2 1

1 1 1 12 1 6 5

|6 4 7 5 6 11 9 12
R5“’_33111141' (28)

2 3 8 1 3 1 10 13

1 1 1 1 1 1 1 1

Variational Synthesized Genetic Programming (VSGP)

In order to keep track of a small variation, this technique resembles the Cartesian genetic
programming method, wherein a three-element integer vector will do the trick

W = [, w, )]’ (29)

where 1+, represents the column index inside the matrix, <«+, corresponds to the row index within the
column e+, and e, signifies the updated value of the element. If <+, equals 1, the subsequent number
vy Must either be zero or modified based on the functions set that is characterized by two arguments (27).

If W2 is equal to either 2 or 4, then Ws will be modified to either zero or selected from the functions set that
is characterized by one argument (26). If W2 is equal to either 3 or 5, then Ws can either be set to zero or
can only be determined by the combination of the number of arguments (25) and the number of columns
minus one. Certain conditions dictate the implementation of small variations to the SGP matrix based on

the pivot and priority. These requirements can be elucidated by implementing the following variations to
the matrix (28):

1

wi=[3 6 2],
w3=[5 2 0]7,
wi=[4 1 1]%,
w*=[6 5 0], (30)
we=[3 1 0]7
wﬁ—[s 2 377,
=[6 6 2]7

The updated matrix of the SGP will look like
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22 01 2 1 2 1
1 11 1 2 1 & 3
; 2 e 4 7 5 6 11 9 12
WhoW2o W3 oW oW oW o W o Rp = 2 31111 2411t (31)
2 3 8 1 3 0 10 13
1 1 2 1 1 1 1 1
The third and sixth variations 127* and 117 can be performed directly.
This new matrix can be expressed mathematically as
y = exp(g,x3)sin(g, + x,) + (—g3x3)°. (32)

In Chapter Three, the results chapter introduces the problem of optimal control concerning two
nonholonomic mobile robots. The environment in question encompasses several static phase constraints,
as well as dynamic phase constraints arising from the collision between these two robots. The topic of
synthesis of a stabilization system, which can have effectively been addressed using a single robot, is
tackled using the variational synthesized genetic programming (VSGP) technique. The solution to the
problem of control synthesis yields the emergence of a stable point of equilibrium in the space of states.

Mathematical models of two mobile robots (P. Suster, A. Jadlovska, 2011) are presented:

.' =0. 5[1:: + )cns[x )
g =0. 5[u 4+ )sm(_x"} (33)
x =0. 5[14', —u )
where x’ = [x] xJ x]]7 represents a state vector of robot j, w’ = [u] u}]” represents a control vector of
robot j, j = 1,2
In the initial step, to solve the control synthesis problem:

Fourteen initial states are provided (7):

T T T T
X, = {x“’ =[335E] =[5 -35E] 2= [3-35E] a2 =[335T] 2=

T T T
[ 3 35——] ,x°’5=[—3 ~35 —i—z] ,xE = [3 —3.5—5—:] ,x”=[3 3.5 —i—z] 2% =
[-3 35 0], = [-3 —35 0]",x*° =[3 —3.5 0], ™" =[3 35 0]",x""* =
oo we=oo-g]
1le

The terminal states are established as one point (8):

x* =[x} x5 x3]" =[0 0 0]". (35)

The subsequent quality criterion is
L

Jon = ) (s +p ]| = x(t,x%) ) = min,
i=1 (36)
where ¢, . is a period characterized by the attainment of the terminal state (35) starting from the initial
states (34), i =1, ..., L, L represents the total number of initial states, L = 14, p, represents a weight
coefficient, p, = 1.
The ensuing mathematical expressions for the control functions are constructed
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= (2 = 5t =5 (=) 0aed = ) s0m (6 = )] ) (a4
[x‘:f - xg))+ qg[xa‘f—xﬂ))in(‘[:x:‘f —xg)[x.{ —xl)(q1+ [x‘:f - xg)) + qg[x::— x3)| + l)+
P(Q:[X§—xa)))f2

2= (4% sin(gs) * (x] = x,))?

{ ecmu  |u|<8
p(H)= sgn(u), wuHage

. (37)

(38)

(39)

q,=0.23307, q,=6.87832, q;=8.36356, §=10F. The quality criterion for the variational SGP solution

(36) is J.,,,=1.75102.

In the second step, the particle swarm optimization (PSO) algorithm (J. Kennedy and R. Eberhart,
1995) is employed to find the stabilization points, resulting in the discovery of three points for every

single mobile robot.
The initial states for the two robots are:
x*(0) =x"'=1[0 0 0],
x*(0) =x"* =[10 10 0]".
The terminal states are established
x'(t;) =x"* = [10 10 0O,
x*(t;) =x"* =[0 0 0],
where
b= {t, ecmn t<t¥ and||x —x(t)]| = e

t+, HHa4e
where £ = 0.01,t% = 2.7 sec,

| 3

Ix" —x(o)] = |'th:‘ —x,(9)%.
\ i=1
The subsequent quality criterion is applied for solving the problem of optimal control:

Jope tf+CJ.ZZJ-ﬂ( 1 xJ.,s-r) +[x x:,sr):)

st=1jij=10
E‘f I 2 | 3

to | ﬂ(rd—wﬂ(xi—xfjwt:x%—xgjf)mz DGl =y
3 =141

where ¢, = 2, ¢, = 4, ¢; = 2.5, J(4) represents the Heaviside step function

1, ecain A>=0
ﬂ(ﬂj={n

HHa4e

(40)

(41)

(42)

(43)

(44)

(45)
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where r.,x, ., x, . are provided parameters (radius and coordinates of center) of the constraints of static
phase, st = 1, ..., P,, P, represents the total number of phase constraints, where
P.=5n=2n=21=21=215=2x,=0,x,=5x,=10,x,, =5x,; =5x,, =
5,Xg5 =5,X33 =5,%,, =0,x,; =10
and r, the minimal acceptable secure distance between robots, r, = 2.

The found three points for each mobile robot have the subsequent coordinates in the state space
{xyx5, x5}

xi#l =[—0.0372 3.2964 1.4551]7,x"* =[5304 85296 0.6911), x'** =
[10.2478 53404 —0.7197]7, x> =[7.4218 107499 05217]",x** =
[4.3332 110171 1.3788])", 2™ =[0.1775 4.6068 — 0.518]7, (46)

where the first three points are for the first robot and the other points for the second one.

The particle swarm optimization (PSO) algorithm is employed for the purpose of finding the points
and it is possible to search the control function (the equilibrium points) as a piecewise constant function.

In Figures 1-7, the findings of the simulation are laid out. Figure 1 displays suitable trajectories
generated by mobile robots in the {x,,x,} plane. The red line represents the trajectory of the first robot

and the yellow line represents the trajectory of the second robot, while the purple circles indicate the phase
constraints. Additionally, the small green squares represent the three points of equilibrium for the first
robot, while the black squares represent the three points of equilibrium for the second robot, and both sets
match the points that have been discovered (46). As is evident from the observation, the two robots have
successfully attained their terminal states without violating phase constraints. The functional value (44)
was J, .=2.7032.

opt

X1 (M)

2-1012 3 456 7 8 9101112

Robots" movement speeds in the immediate vicinity of stable equilibrium points should be slower.
Therefore, to achieve higher speeds, the controlled object should be positioned not exactly at the stable
equilibrium point, but close to it.
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Figure 1. Synthesized optimal control trajectories for robots in the {x,,x,} plane
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Figure 2. The variable x] in black and effective control xIl in blue
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Figure 3. The variable x in black and effective control x,™ in blue
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CONCLUSIONS ON THE WORK

It was demonstrated that the symbolic regression method can successfully solve the control synthesis
problem without laborious construction of a training set, based only on the criterion for minimizing
the quality function.

To search more effectively for an intelligent solution of control synthesis, it is proposed to use the
principle of small variations in the basic solution.

After solution of the control synthesis problem, the system of differential equations with found
control functions on the right side always has a stable equilibrium point in the state space.

The quality criterion of the synthesis problem includes the time of achievement of the terminal point
from a set of initial conditions as well as the accuracy. At the synthesis problem, phase constraints
weren’t considered, whereas at the search for stabilization points, dynamic and static phase
constraints were.

With the numerical solution of the optimal control problem by evolutionary algorithm, it was defined
that these algorithms can find solutions for complex optimal control problems with static and dynamic
phase constraints.
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ABSTRACT
Jawoosh Karrar Sahib Nassrullah
«Symbolic regression algorithm for control of non-holonomic wheeled mobile robots»
The dissertation is devoted to the construction of a control system for a pair of nonholonomic mobile

robots. The implementation of the proposed control requires the creation of a double feedback loop: in the
inner contour, the robot stabilizes relative to a given point in the state space (the problem is solved using
the numerical method of symbolic regression with the finding of feedback functions); in the outer contour,
the task of achieving effective robot control is solved by using an evolutionary algorithm that allows
changing the position of stable equilibrium points. The control object reaches a stable equilibrium point in
the state space. The found equilibrium points can be refined based on the particle swarm optimization
algorithm so that the mobile robot can get from the starting point to the end point with an improved value
of the quality criterion and trajectory. The results of the conducted model experiments showed that the
robots successfully achieved their final goals without violating phase constraints and avoiding collisions.
It is shown that the effective control affects the corresponding components of the vectors representing the
state space.
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Ha npaesax pyxonucu

KABYII KAPPAP CAXUB HACCPYJIJIA

AJITOPUTM CUMBOJIBHOM PETPECCHUH 114 YIIPABJIEHUA
HEI'OJIOHOMHBIMHN MOBHUJIBHBIMHU POBOTAMM HA KOJIECAX

HayuHnas cnennainbHOCTD
2.3.1. CucremHbIl aHaIU3, yIpaBiieHue U 00paboTka nHMOpPMAIINH, CTATUCTHKA

ABTOpedepar guccepranuun
Ha COUCKAaHHUE YYEHOU CTENECHU KaHAUAaTa TEXHUYECKUX HAYK
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PaGota BeimonHnena B wHxeHepHou akagemuun ®I'AOY BO «Poccuiickuii yHUBEPCUTET APYKOBI
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CrenaunsH MBan BukropoBuu
JOKTOp OMONOTMYEeCKUX Hayk, mHpodeccop Kadeapbl MeXaHUKUA U
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JuBeeB Acxat MOoparumoBuu

JOKTOp TEXHUYECKHX HayK, Mpodeccop, TJIABHBIA Hay4dHBII
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Ko3o0B Anekceit Bnagumuposuu
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LIEHTpa «Pobororexunka» OPIr'AOY BO «MockoBcKHH
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OBILIASA XAPAKTEPUCTHKA PABOTbBI

AKTYaJIbHOCTb H CTeNeHb pPa3padoTaHHOCTH TeMbl HccJieAoBaHusA. B  coBpeMeHHOI
MPOMBINIJICHHOCTH ~ HAONIIOJIaeTCs  CTPEMHUTEIBHOE  pPa3BUTHE  CaMOOOyJarommxcs poOOTOB |
pPOOOTH3UPOBAHHBIX CHCTEM, OOJIAJIAIONINX BBICOKOW CTETICHHIO aBTOHOMHOCTH M aJaITUBHOCTH. JTH
YCTPOMCTBA CIOCOOHBI BBHIMOJIHATH IIUPOKHNA CHEKTP 3a1ad 0e3 MOCTOSHHOTO KOHTPOJS CO CTOPOHBI
gyenoBeka. MOOUITbHBIE HETOJIOHOMHBIE POOOTHI, OCHAIIEHHBIE KOJECHBIM IPHBOJIOM, JEMOHCTPUPYIOT
pa3Hoo0pa3ue MPaKTHIECKUX MPUIOKCHHM, BKIFOYAst aBTOMATHU3AIMIO MTPOU3BOJICTBEHHBIX MPOIIECCOB HA
¢dabpukax U CKiIaax, a TAaKXKe BBIIIOJIHEHUE 3a]1a4 110 00CIyKUBaHUIO U YOoopke. Tem He MeHee, HecMOTps
Ha 3HAYUTEIbHBIA MOTEHIMAT U MEPCIEKTUBBI UX HCIOJIb30BAHUSA, ITH CUCTEMbI CTAIKUBAIOTCS C PAIOM
KIIFOYEBBIX BBI30BOB. HeoOXOAMMO yIaydlIMTh aIrOpUTMbl HaBHUTaIlMM, MapLIpyTU3alUd U 00Xoda
MPEMSITCTBUNA, YTO SIBJISIETCS KPUTHUYECKU BAKHBIM JJIS MOBBIMIEHUS UX 3()()EKTUBHOCTH U HAAEKHOCTH.
Kpowme Toro, npobiema ctabuiau3anuy ocTaéTcsl OJHOM U3 IIEHTPAIBbHBIX 3a/1a4 YIIPABICHUS, CBA3aHHBIX C
S9TUM THUIIOM POOOTOTEXHHUYECKUX CHCTEM, TpeOys pa3pabOTKM HOBBIX IOAXOJOB U PEHICHUN IS
obecrnevyeHns ycToHYMBOro (pyHKIMOHUPOBAHUS B PA3IMYHBIX YCIOBHUSAX IKCIUTyaTallUH.

PaccmaTtpuBaemblii B quccepraliud  MOOWJIBHBIA ~ HETOJIOHOMHBIA  pOOOT  MpEACTaBIseT
TUHAMHYECKYI0O W HEIMHEHHYI0 CcHCTeMy, OONaJarollyl0 CHOCOOHOCTHIO K aBTOHOMHOM HaBHTaIlUU.
JuccepTalimoHHOE HMCCeI0BaHUE HAMPABICHO Ha pa3pabOTKy M aHAIHM3 aJITOPUTMOB YIPABIEHUS Mapoid
HETrOJIOHOMHBIX MOOMIIBHBIX POOOTOB, CIIOCOOHBIX 3(PPeKTUBHO (PYHKIMOHHPOBATH B PA3IMYHBIX Cpeaax
U BBINOJHATH 3a7aud 0€3 BHEIIHEro BMEIIATEIbCTBA. AKTYaJIbHOCTh JaHHOW TeMbl OOYCIIOBJIEHA
HEOOXOUMOCTHIO CO3JaHMSI MHTEIIEKTYalIbHBIX CHCTEM, CIIOCOOHBIX a/IallTUPOBATHCS K U3MEHSIOIIUMCS
YCIIOBUSIM OKpY>KaroIen cpelibl U 00ecreunBaTh aBTOHOMHOCTh B BBIINIOJIHEHHUU TTOCTABIICHHBIX 33/1a4.

B Hay4HOI TUTEpaType MMPOKO MPEACTABICHBI PA3TUYHbIE ACTIEKThl CHHTE3a CUCTEM YIIPABICHUS
U ONTUMHU3ALUU TpaeKTopuil nBrxkeHHs. Ocoboe BHUMaHHE YAETSETCS METOAaM peIlIeHUs 3aaady
yIpaBieHUs, KOTOpbIe ObUTH TTyOOKO H3y4YeHbI U (hOpMaIN30BaHbl B TPYAAaX TaKUX BBIJAIOIINXCS YUEHBIX,
kak C. Bonbdpam, V.P. Dmibn, V. Makkanok, VY. Ilurre, B.I'. bontauckuii, P. bennman, I[1.K. Anoxwus,
JI.C. IlonTpsirun, A.M. lusees, H. Bunep u A.H. Konmoropos.

Opnolt 3 ¢GyHIaMEHTAIBHBIX MPOOJIeM, ¢ KOTOPHIMH CTAJIKHUBAETCS pean3alysi ONTHMaIbHOTO
yIpaBIeHUS, SBISETCS HEBO3MOXHOCTh HEMOCPEICTBEHHOTO BHEJPEHHUS BPEMEHHBIX (YHKIUI
yIpaBlIeHUS HA pPEaTbHBIX O0BEKTaX. ITO OOYCIOBIEHO PAa3OMKHYTHIM XapaKTepOM TaKHX CHCTEM
yIpaBIeHUS, UTO JIeJaeT UX YSI3BUMBIMH K BHEITHHM BO3MYIIEHHSIM, CIIOCOOHBIM CYIIECTBEHHO UCKaXaTh
TPACKTOPHUIO JIBIKEHUS OOBEKTa U MPENSATCTBOBATH JOCTHIKEHUIO JKEJaeMbIX IIeJiel, MPUBOIS K
HEYJIOBJIIETBOPUTEIILHBIM 3HAUEHUSM IeNeBbIX (QyHKumid. [lpu ympaBieHuss MOOWIBHBIMH pPOOOTaMH
oco0oe BHUMaHUE YIeNseTcs 3ajJadaM CTaOWIW3allid U OTCIEeKMBAaHUA TpaekTopuil. B wacTHOCTH,
CTaOUITBPHOCTh OOBEKTA YMPABIEHUS TOCTUTACTCS B TOYKE PABHOBECHUS B MPOCTPAHCTBE COCTOSIHUM IS
obecrnevyeHnus yCTOHYHBOTO (PYHKIIMOHUPOBAHUS CUCTEMBI.

O0beKTOM HCCIeI0BAHUS SIBISIFOTCS MaHEBPHI Mapbl HETOJIOHOMHBIX MOOHMIIBHBIX POOOTOB,
OCHAIIEHHBIX MU (epeHITHaATEHBIM IPUBOIOM.

IIpenmeroM wuccjeI0BaHUS  SBISIOTCS MaTeMaTHUYECKWE MOJAECIW U alTOPUTMHYECKOE
obecrieueHre MeTo/la CHMBOJIBHOW perpeccuu, HAMpaBIIEHHOTO Ha BBIABICHHUE CTPYKTYPHOU (GOpPMBI H
napaMeTpoB (pYHKIIUU yIIpaBICHHUS.

Heabio uccienoBanus sBIsSeTcss pa3paboTKa W COBEPIICHCTBOBAHHE METOJOB MAIIMHHOTO

0o0y4YeHHsI, OPUEHTHPOBAHHBIX Ha YIpPABJICHHE MYJIbTHATCHTHBIMM CHCTEMaMH Ha MpPUMEpEe Mapbl
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KOJIECHBIX HETOJIOHOMHBIX MOOHMIIHBIX POOOTOB.

JInst MOCTHKEHUSI ATOU LIEJIH PELICHBI CIEAYIOMNE 3aAaYH:

1. HccnenoBaHue METOJOB TI'€HETUYECKOTO IPOrPaMMHPOBAHHUSA, 3BOJIOLMOHHBIX METOJIOB
ONTUMH3ALMH U AJITOPUTMOB CHMBOJIBHON PETPECCHUHU.

2. PazpaboTka uYHMCIEHHOro MOAXOJa K YIPABICHHIO NAapol MOOMIBHBIX pOOOTOB,
HO3BOJISIOIIEr0 U30€XkaTh CTOJIKHOBEHUH IPYT C IPYTOM U C NMPENSTCTBUAMM.

3. Pa3paboTka MeTosa CHMBOJIBHOW perpeccuu, NpeAHa3HaYeHHOro AJs CTa0uiIn3anuu podoTa
OTHOCHUTEJIBHO ONPEICIEHHON TOYKH B IPOCTPAHCTBE COCTOSHUM C UCIOJIb30BAaHUEM IPUHIMIIA MaJIbIX
BapUaLUN.

4. llpuMeHeHue 3BOJIIOLIMOHHOTO AJrOPUTMA JUISl M3MEHEHUS IOJIOKEHUS TOYEK YCTOMUMBOIO
paBHOBECHSI B KOHTYpE yIpaBJIEHUs ¢ BHEIIHEH 00paTHOI CBA3BIO.

5. OnucaHue KOHEYHOTO PELICHHS CTAOWJIM3AlMK C MOMOIIBI0 CUCTEMBI TU((depeHIInaTbHBIX
YpaBHEHUM.

Metoaosorust 1 MeTO UCCJIEOBAHUS

PaccmaTprBaeMblil 00BEKT YIpaBie€HUS OCHAILEH CUCTEMOW CTaOMIM3alMM, YTO OINpPENEISIET €ro
KJIFOUEBOM aTpuOyT — YCTOMUMBYIO TOUKY PaBHOBECHSI B IPOCTPAHCTBE COCTOSHUMN. YIIpaBiieHHE poOOTOM
JOCTUTAETCS TOCPEACTBOM 3(PPEKTHBHOTO MaHUITYJIHPOBAHUS MECTONOJOKEHHEM JTOH yCTOWYMBOU
TOYKM paBHOBECHS, UYTO TpeOyeT NPUMEHEHHS METOJO0B HBOJIOLMOHHOIO aJrOpUTMa, CHUMBOJIBHOU
perpeccuu U MOJICIMPOBAaHMS Ha OCHOBE CUCTEMBI T (PepeHIINaTbHBIX YPaBHEHUH.

[IpoGnema cuHTE3a ynpaBieHUs ISl CUCTEMBl CTaOMIM3aluu (BHYTPEHHUI KOHTYp) pellaercs Ha
IIPEIBAPUTEILHOM 3Talle, KOTOPbII SIBISIETCS OCHOBOIOJATalOIUM JJIs HOCIEAYIOUIEro YIpaBJIeHUS
JBUKEHUEM TOUYKHM PAaBHOBECHUS (BHELIHUN KOHTYp). DTHU TOYKM PABHOBECHS MOTYT OBITH yCTAHOBIJIEHBI
3apaHee WM a/1allTUPOBAThCS B OTBET Ha U3MEHEHUS B OKPY)KaloIllel cpefie.

[IpumeneHne MeETOJOB CHMBOJBHOM PpErpeccMu  IMO3BOJISIET aBTOMAaTHYECKH  IOJydYaTh
MaTeMaTUYeCKHE BBIPAKEHHUS, KOTOPbIE OMUCHIBAIOT (PYHKIIMH YIIPaBJICHUS MOOMIBHBIMU pOOOTaMU. DTH
BbIpaXEeHHUS (HOPMaIU3YIOT AITOPUTMBI YIIPaBIECHUs, OOECIEUUBAIOLINE JOCTHKEHHE IOCTaBICHHBIX
Hened M MpeloTBpAlleHHE CTOJKHOBEHUH ¢ mpensTcTBUsAMHU. CHMBOJIBbHas perpeccusi NpeiCcTaBsieT
co0Oil MHCTPYMEHT JUIsl MOMCKAa CTPYKTYphl M TapaMeTpoB ymnpasisoomux ¢yHkiuil. OHa sBisercs
0000111eHuEM HEMPOHHBIX CETEH, MOCKOJIbKY JIr00asi HEMpOHHAsI CETh MOKET OBbITh MPECTABIICHA B BUE
CUMBOJIbHOH perpeccuonHoi moaenu (AWM. {usees, E. 0. lImansko, 2021).

Hay4yHnast HoBu3HA pa0doThI

1. Paspaborana popmynupoBKa 3a1a4u YIIpaBJI€HNUS HETOJOHOMHBIMU MOOMIIBHBIMH pOOOTaMH C
BKJIFOUEHUEM JIONIOJTHUTENbHBIX TPEOOBaHUM JUIsl TIOCTPOSHUS CUCTEMBI CTAOMITN3ALINH.

2. Pa3pabGoTaH HOBBI METOJ MAIIMHHOTO OOYYEHWs, a UMEHHO METOJ CHUMBOJBHOU PETrpecCHH
JUTSL CHHTE3a CUCTEMBI YIIPaBJICHUSI CO CTa0MIM3aMel B IPOCTPAHCTBE COCTOSHUM.

3. HoBerii Metox mpejacTaBisieT coOOW CHHTE3 cHCcTeMbl TuddepeHIMATBHBIX ypaBHEHUH Ha
OCHOBE IIPUHIIMIIA MAJIBIX BapHAIMil MapaMeTpOB Nr€éHETHUYECKOT0 aIrOpUuTMa.

4. TlomyyeHO HOBO€ YHCJIEHHOE pEIIeHHWEe 3aJayd ONTHUMM3AIMH TPAEKTOPHUH  Mapbl
HEroJIOHOMHBIX MOOMJIBHBIX POOOTOB B YCIOBHSIX PA3JIMYHBIX MPENATCTBUH.

5. Pemena ¢yngameHnrtanpHas 3ajada CHHTE3a CHUCTEM YIPABIEHUS HEIMHEMHBIX MOOMIIBHBIX
POOOTOTEXHUYECKUX CUCTEM C UJEHTU(UKaLMEH YpaBHEHUH TMHAMUKH.

IIpakTHyeckass 3HAYUMOCTb PadOTbl. MeETOAOJOTUS CUHTE3UPOBAHHOTO ONTHUMAIbHOIO
YIPaBICHUS, NPEICTaBICHHAs B 3TOM HCCIECIOBAHMM, SIBISIETCA HOBBIM IOAXOIOM K DPELICHHUIO 3a1ad
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ONTUMAJIFHOTO YIPABJICHUS, HANPABJIEHHBIM HA YIpaBieHHE YCTOWYMBON TOYKO paBHOBecHs poOOTa.
PazpaboTanHblii OAX0a TPEACTaBIsICT COOOW HOBBIM BHUJ YIPABICHUs, OCHOBAaHHBIM HAa W3MCHCHUH
MOJIO’KEHHUS TOUYKU paBHOBECHS POOOTa.

Pa3paboranHblii METOJ] OpUEHTHUPOBAH Ha pelIeHHE TMPUKIAAHBIX HWHXKEHEPHBIX 3a1ad |
o0OecrieunBaeT MUHUMM3AIMIO PACXOXKJICHUN MEXIy MaTeMaTHUeCKONH MOJENbI0 00bEKTa YIpaBJICHUS U
€ro peaJbHbIM BOIUIOLIEHUEM. OTO JOCTHIaeTcs IOCPEACTBOM BHEIPEHUS BHYTPEHHETO LIMKJA
cTabunu3anuu B mpoiecce ynpasieHus. Kpome Toro, ucrosib30BaHHE METOJ0B CHUMBOJBHOU PErpeccHu
JUIS 3a]1a4 CUHTE3a YIPABIICHHUS] UMEET YHUBEPCAJIbHYIO IPUMEHUMOCTb.

Teopernueckasi 3HAYMMOCTh PadOThI 3aKiIOYaeTCs B (POPMYIHMPOBKE 3aJaud ONTHMAIHLHOTO
yIpaBiIeHUS C YYETOM psJia JONOJHUTENBHBIX OrpaHUYEHU. B yacTHOCTH, TpaeKTOpUs B IPOCTPAHCTBE
COCTOSIHUH JIOJDKHA 00JazaTh CBOWCTBOM MPUTSDKEHHST B HEKOTOPOH OKpecTHOCTH. B pamkax
NpPEUIOKEHHOTO TOAXO0Ja pelieHa 3aJada CHHTE3a CTa0WIM3UPYIOMIETO YIPABICHHUS KOJIECHBIM
HETOJIOHOMHBIM pOOOTOM C (OPMHPOBAHHWEM YCTOWYHBOTO MOJOXKECHHUS PABHOBECHS B IPOCTPAHCTBE
cocrossiHui. Jlanee 3amaya yrpaBiieHHS TpaHC(HOPMHPYETCS B 3ahady ONTHMH3AIUU TOJIOKEHHUS ITOH
YCTOMYMBOW TOYKM paBHOBecHus. Bce mnpeactaBieHHble METOJbl pacyéra pealu30BaHbl B BUJE
ABTOMATHU3UPOBAHHBIX YHCIEHHBIX aJITOPUTMOB.

CreneHb /J0CTOBEPHOCTH Pe3yJbTaTOB IIOJTBEPKIACTCS pPE3yJbTaTaMH SKCIIEPUMEHTOB,
CPaBHEHMEM C JIaHHBIMM, TIOJYYEHHBIMH IpH HNPUMEHEHWH METOJOB JI€KapTOBa TI'€HETHYECKOIO
nporpammupoBanusi (k. @. Mumnep, II. Tomcon, 2000) u sBomtouuu komupyroommx marpuil (JI.
Yanrronr, XK. ao-JIsn, 2012). B pamkax uccienoBaHus Il MOACIUPOBAHUS TUHAMUKU U TTOBEICHUS
HETOJIOHOMHOTO MoOmiIbHOTO podota Khepera Il 6puta pazpaborana u HCHOIB30BaHAa COOTBETCTBYIOIIAS
MaTeMaTH4YecKasi Mojiesb. Pe3ynbTaTel nuccepTaimoHHON paboThl ObLTH BEpH(PHUIMPOBAHBI TIOCPEICTBOM
MIPOBEJICHUS CEPUU BBIUMCIUTEIbHBIX SKCIIEPUMEHTOB.

Anpodanust paboTbl

ABTOp NpUHHMAal HENOCPEICTBEHHOE JIMYHOE Yy4YacTHE B IOJIYYEHHH OCHOBHBIX PpE3yJIbTaTOB
JUCCEPTAallMOHHON paboTbl. OCHOBHBIE MOJOXEHUS U pPE3yibTaThl HCCIENOBaHUS OOCYKIAIUCh U
NPEJICTAaBSUINCh Ha Pa3IMYHbIX MEXKJIYHAPOJIHBIX HAy4YHBIX KOH(EpEeHIUSX U CeMHHapax: Tperbs
MexnyHaponHas KoHpepeHIMs mo TexHuke W Hayke (Oc-CamaBa, Upak, 3-4 mas 2023 r.); XIV
MexnyHapoaHas HaydyHO-TIpakTudeckass KoH(epeHiusi «CoBpeMeHHblE CcTpaTerud M LU(poBBIE
TpaHcQopMali YCTOWYUBOTO pa3BUTHs oOmiecTBa, oOpazoBaHus u Hayku» (Mocksa: 12 nexabpsa 2023
r.); Bropas MexnayHaponHas HaydHO-TipakThyeckass KoH(pepeHuHs «COBpeMEHHbIE HCCIEIOBaHUS:
Teopusi, MpakThka, pe3yabtatb» (MockBa, 29 nekabps 2023 r.). OCHOBHBIE PE3yNbTaThl, BHIBOABI U
PEKOMEHIalluu AUCCEPTALMU OMYOJIMKOBAHBI B 6 PELIEH3UPYEMbIX HAYUHBIX U3/IaHUSX.

IToJ105keHNs1, BBIHOCHUMBbIE HA 3AIUTY

1. Pa3paboraHHBIII MeTOA ONTHUMH3ALMH YIPABJICHHUS COCTOMT M3 JABYX OCHOBHBIX JTallOB:
NEepBBIN ATAI — CTa0MIM3AlKs], Ha KOTOPOM OJIMH HErOJIOHOMHBIM MOOUIIBHBINA pOOOT nepemMeniaercs u3 14
HAYaJbHBIX TOYEK B OJHY KOHEUHYIO; BTOPOM 3Tal — ONTHUMH3alUs, HA KOTOPOM JBa HETOJIOHOMHBIX
MOOUJIBHBIX poOOTa MEePEMEIIAIOTCS U3 Pa3HbIX HaualbHBIX TOUYEK B pa3HbIE KOHEUHBIE.

2. Jns W3MEHEHUWS TIOJIOKEHHUS TOYKHM paBHOBECHS po0OOTa HCIIONB3YeTCS —alTOPUTM
ONTUMHU3AIMK POSI YacTUIl C ympapistomumu mnapamerpamu o=0.5, p=0.8, y=1.5 u o=1, pazmep
nonysinuu 3500, konnuecTBo nokoseHuit 150.

3. Jns omnpeneneHus (PyHKIMU  yIOpaBIE€HUS HETOJOHOMHBIM  MOOWJIBHBIM  pOOOTOM
WCIIONIB3YETCSl BapHallMOHHAs MaTpuia, cocTtosmmas u3 6 crtpok u 20 cronbmo. [lapamerpsr
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TEHETHYECKOI0 aJITOPUTMA: pa3Mep MOMyJAuu 256 pelieHnil, KoJaudecTBo nokoiaeHu 1024, koam4ecTBo
CKpEIIMBAaHUKA B KaXJ0M TMOKoieHuH 128, rimyouna Bapuaruu 10, BepostHocTh Mytamuu 0,75. O6miee
KOJIMYECTBO HUCHONb3yeMbIX (yHKuui 30, OHM COCTaBJISIOT MPOCTPAHCTBO KOJOB HA MEPBOM dTame
cTabuIu3anuu, U3 HUX JBe (PYHKIUHU ABISAIOTCA OMHAPHBIMU ONepanusiMu, a 28 GyHKUUNA — YHAPHBIMHU.

OCHOBHOE COJAEP/KAHUE PABOTbI

Juccepranyss COCTOMT W3 BBEIEHUSA, TPEX TJIaB, CONEPIKAILUX PE3YIbTaTbl U BBIBOJBI, CIIMCKA
JUTEPATYpPhl U MIPUIOKEHUMN.

Bo BBeneHuM mnpuBeleHA aKTYalbHOCTh MCCIEIAOBAHUS, HayyHas TUIIOTE3a, LEIU U 3a4a4u
pabotbl. PackpbiBaeTcss 3HAUMMOCTh TEMBI, (OpPMYIHpYyeTCcs Welb M 3agadd uccienoBanus. [laéres
OIKCaHKUE PacCMaTPUBAEMBIX TPOOJIEM U METOI0JIOTUH HCCIIEJOBAHUSI.

B nepBoii ri1aBe aHanu3MpPyeTCs TUTEPATypa O PACIPOCTPAHEHHBIX TUMAX KOJIECHBIX MOOMIIBHBIX
poOOTOB M MX KIIIOYEBBIX MMOHATHUSX, TaKMX KaK MaHEBPEHHOCTb, YCTOMYMBOCTb M YIPABISAEMOCTb.
Konuemnmuss MonenupoBaHusi JBWKEHHS KOJECHBIX MOOWIBHBIX pPOOOTOB ¢ U depeHIHnaIbHbIM
NPUBOJIOM BKIIOYAET B ceOs M3ydeHHE KMHEMATHKW W aHaJIW3 OTPAHWYCHUH JBWO)KCHUS, YUUTHIBAs KaK
TOJIOHOMHBIE, TaK U HEroJIoHOMHbIE. Jlajiee B IiiaBe paccMaTpUBAaeTCs KIIOUEBas CHEIUAIM3MpPOBaHHAS
TEPMHHOJIOTMSl B OOJIaCTM HaBUraluu JUig KOJIECHBIX MOOWMIBHBIX poOoToB. Ilomumo 3toro,
paccMaTpuBarOTCs pa3IMdHbIC TUIIBI YIIPaBJICHUS JBUKEHHEM. OTMEUYEHO, UTO METOAMKH, pa3padOTaHHbIE
JUI pelIeHus MpoOieM YIpaBleHHs MOOWJIBHBIMHA pOOOTaMH, MOAPA3ACISIOTCS Ha TPATUIMOHHBIE U
ruOpuIHbIe. AHATM3UPYIOTCS HOBEHIIINE ITyOIMKAIIMH IO TEME UCCIICTOBAHMS.

Bo BTOpOIi 1i1aBe, NOCBALIEHHON METOAOJIOTMU UCCIEI0BAaHMS, TPOBEAEH BCECTOPOHHUIN aHAIN3
dopManbHBIX TOCTAHOBOK 3aJady CHHTE3a CHUCTEM YIpaBJIeHHsS, B TOM UHCJIE aHalu3 3ajad
UACHTU(DUKAIIMN HEU3BECTHBIX (PYHKIMM, a TaKKe TEOPETUYECKUX aCIEKTOB YIPaBJICHUS, CBS3aHHBIX C
MAaIIMHHBIM 00yueHueM. B yactHoCcTH, paccMOTpeHbI PyHIaMEeHTaIbHbIE BOIIPOCHl TEOPUN ONTUMAJIBLHOTO
yIpaBieHUs, OPUEHTHPOBaHHbIE Ha pa3pabOTKy cHUCTEM CTaOMIM3alMd MOOMIIBHBIX POOOTOB.
HccnenoBaHHble MOAXOJbI IO3BOJSIOT HE TOJBKO MHUHUMHU3UPOBATH LIENEBYI0 (QYHKIUIO, HO H
rapaHTUPOBATh YCTONYHMBOCTh CUCTEMBI K BHEIIIHUM BO3MYIIEHHUSM U U3MEHEHUSIM JAPYTUX MapaMeTpOB.

B npemnaraemoM mnojaxone, Mpexae 4YeM MPUCTYNaTh K PEUICHUIO 3aJa4d ONTUMAaJIbHOIO
yIpaBieHUs,, HEOOXOAUMO OIPENEIUTh YCTOMYMBOCTh OOBEKTa yIpaBICHHs B IPOCTPAHCTBE COCTOSHUU.
OcHoBHasl ujes 3aKI0YaeTcs B HaX0XKAEHUU (DYHKLUUU YIpaBIeHUs, 0OeCeunBaroliel CyleCTBOBaHHUE
YCTOMYMBOW TOUKH PaBHOBECHS B IPOCTPAHCTBE COCTOSIHUN CUCTEMBI TU(PPepeHInaNbHbIX YPaBHEHUH.

B nanHOM uccienoBaHMM TOYKH PAaBHOBECHS MOHUMAIOTCS HE B MEXaHHMYECKOM CMBbICIE, a B
MaTeMaTUYeCKOM: KOOPAMHATHI 3TUX TOUYEK SIBIISIOTCA MapaMeTpaMH YIPaBISIIOIINX YPAaBHEHUH U BIUSIOT
Ha pacu€THyIO (HopMy TpaeKTOPHUH.

Cucrema ympaBieHMs] BKJIIOYAET MapaMeTphl, BIUSIONIME Ha IOJOKEHUE TOYKU paBHOBecus. B
pe3ynbTaTe yrpaBieHne 00BEeKTOM OCYLIECTBIISIETCS 3a CUET U3MEHEHHS! MOJIOKEHHS] TOUKH PaBHOBECHS.
TakuM oOpa3oM, NOCTaHOBKAa 3aJaud CHHTE3MPOBAHHOTO OINTUMAIBHOTO YIPABIEHUS COCTOUT B
CJIEIYIOLEM.

[Ipennonaraemasi MaTemaTHdeckass MoJiellb OOBEKTa YIpaBJIEHUs, BhIpAXKEHHAs B BHUJIE CHCTEMBbI
muddepeHIMaNbHbIX ypaBHEHU:

a=f(x,u), 1)

€ X — BEKTOp, MPEACTaBIAIONIMNA MPOCTPAHCTBO COCTOSIHMM, x € R™, m — BEKTOp YIpaBIICHUS,
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u € U e R™, u I/ — KOMIOAKTHOEC MHOXKECTBO, T = 1.
YKka3bIBaeTCA HAYaJIbHOE YCIIOBHE:
x(0) = x°. (2
Onpenensercs KOHEUHOE COCTOSHUE:
x[tf) =x' , (3)
rae tp OpeicTaBiAeT co0OH BpeMs, B TEYECHHE KOTOPOIO JOCTHIAETCs KOHEYHOE COCTOSHHE, tr HE
3a1a€TCsl TOYHO, HO OTPAaHUYEHO:
=t 4)
U t7 OIpeneIIeHo.
YuuThIBaeTCS KpUTEPUIN KauecTBa:
i
J.o = J. fo(x, u)dt — min. (5)
well
o

OyHKIUS YIPaBICHUS COOTBETCTBYET CIIEAYIOMIEMY BBIPAKCHHUIO:
u=glx*'(t) —x) EU, (6)
riae x* (t) — QyHKIMA BpEMEHHU.
Pemenne 3amaun CMHTE3MPOBAHHOTO ONTHUMAIBLHOTO YIPABICHHS W HAXOXKACHUE YHPABIISIOIICH

¢yHkMK (6) BBINOJHAIOTCS B COOTBETCTBUM C QJTOPUTMOM B JiBa 3Talla, paccMaTpUBAEMbIX Kak
N0CJIEI0BATENIbHBIE ONEPALIUH.

Llepsviti wae: cunmes cucmemvl cmadbunuzayuu. Ha mepBom sTane crabuiM3aluu peuiaercs
3a/laua CHUHTE3a YIMPABJICHHUS C IENbI0 OOECIEUYECHHs] HAIMYMsl YCTOWYMBOM TOUKHM DPABHOBECHUS B
MpocTpaHcTBE cocTosiHuid. [locTaBneHHas 3amada MoOKeT OBITH pelieHa YHCICHHBIMH METOJaMHU C
MCIIOJIb30BAaHUEM MAIIMHHOTO 00YYEHUSI.

Habop HauanbHbBIX YCIOBUI:
X, ={x", .. 2"} @)

OnpeﬂeneHI/Ie 3aJJaHHON KOHEYHOM MO3HUIIMH. JroOast Touka B IMPOCTPAHCTBE COCTOSIHUM MOJKET
BBICTYIIATh B KAa4YC€CTBC KOHEYHOM MMO3UIKHU, YTO ITO3BOJIACT CHUCTCMC JOCTHIATh YCTOI\/’ILII/IBOCTI/I B OTOH
TOYKCE:

x(t')=x" ER", (8)
IJie 3HaYeHHe t He yKa3aHo, HO OPaHHYEHO

(9)

g = {t, ecnn t<t¥ and [|x* —x(t,x")|| < ¢
t+, HHa4ye

x(t,x") mpencrasnser coboil yacTHOe pemienue cuctembl (1), a & U t7 — 3a7aHHBIE MOJOKHUTENbHBIE
YHUCJIOBBIC BCJIIMYHUHBI.
OyHKIUS yIPaBICHUS, COOTBETCTBYET CIEAYIOIIEMY BBIPAKEHUIO:

u=g(x"—x), (10)

3TO, KaK MPaBUJIO, YACTUYHOE PElIeHHE CUCTEMBI AU(depeHIInaTIbHbIX YPAaBHEHHIA:
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X = f[x,g[x* —xj}. (11)

Bmopoﬁ wae. peuteHue 3a0a4u ynpaejieHuA. BTOpLIM 9TallOM IIOCJIC PCIICHUA 3aJa4Yu CHHTC3a

yIpaBieHUS SBJSETCS pEUIeHHE 3aJayd ONTHUMaibHOro ympaeieHus (1-5) mis mareMaTtuyeckoro
BbIpaxxeHus (11), uTo mpeanonaraeT HaxoKJACHUE YIPABIAIOMIEH QYHKIMH B CIEIYIOLIEM BHIE:

x*(t) = h(t), (12)
JUTSL TOTO, YTOOBI MUHUMHU3HUPOBATh YKa3aHHBIN KpUTEpHUi (5).

Ha BTOpOM 3Tame Ba)XXHO OTMETUTH, YTO DPa3MEPHOCTb MCKOMOHM ¢yHkiuu (12) coBmamaer c
Pa3MEpPHOCTHIO MPOCTPAHCTBA COCTOSHUN. B paMkax JaHHOTO KOHKPETHOTO ciyyasl JIOMYyCKaeTcsl MOUCK
GbyHKIIMY B BUJI€ KYCOYHO-TIOCTOSSHHON (DYHKIIMH

hit) =x*, if (i—1)A<t<IiA, (13)
Tae x* IIPEACTABIIAIOT co0oit IIOJIyYEHHBIE 3HAYE€HUsI KOOpAMHAT TOYKU paBHOBecud, i=1,..,K, a A —

3aJJaHHBI BpEMEHHON MHTEpBa,
e
K :[EJ . (14)

Paspabomxa sapuauuonnoeo cenemuyeckozo ancopumma. IbGHEeKTUBHOE pEIICHUE HAXOAUTCS C

MOMOIIbI0 TEHETUYECKOTO ajropuTMa, KOTOpBIH padoTaeT B IPOCTPAHCTBE YIOPSIAOYEHHBIX HaOOPOB
BEKTOPOB ¢ MaJIbIMK BapHalMsiMu Ut oucka noaxossiiero perrenus (E. Codponosa, A. [lusees, 2021).
DTOT anropuT™, paboTarOUIMii B COOTBETCTBUHM C MNPUHIUMIIOM MAajbIX BapHaluii 0a3MCHOTO
pelleHus, BKIIOYAeT CIAeAYIOUINE MOCIeI0BaTEeNbHbIC [IaTru:
1. Onpenenenue 0a3MCHOTO pEHICHHs] MPOUCXOJUT TaK, YTOOBI JAHHOE pEUICHHE CYUTAIOCh
Haubosee OIM3KUM K TOTEHIIUATIBHO JIYYIIEMY PEIICHUIO:

b° = [b°...b7". (15)

2. 'enepupoBaHue ynopsoueHHbIX (OPM MYJIBTUMHOXKECTB, COCTOSIIIUX U3 BEKTOPOB BapHaIUil
KAaK Ha4aJIbHOE€ MHOKECTBO:

wi= (W, . wP)i=1,..1 (16)
rac I - IOCICI0BATCIIBHOCTh BO3MOXKHBIX pGHIeHI/Iﬁ B Ha4YaJIbHOM MHOXKCCTBC, D — O6HI€€ KOJINYECTBO
BCKTOPOB BapI/IaI_II/Iﬁ B OJHOM Ha60pe.

Bce Bo3MokHBIE pellieHus] B Ha4aTbHOM MHOYKECTBE MOIYYar0TCs MyTEM MPUMEHEHUsT HeOOIbIINX
BapHaluii K 0a3MCHOMY PELIECHUIO:

bz’ — W:’ a bD — wi,ﬂ o wi,ﬂ—l P wi,l o bD, (17)

I7Ie KaXJ0€ IMOTEHIUAIbHOE pEeIIeHUE BHYTPU MHOXKECTBA SABISETCA 3JIEMEHTOM D -OKpECTHOCTH
0a3uCHOTrO peIIeHHUs:

b'e D(bY),i=1,..,1. (18)

3. OHpCI{CJ’ICHI/IC 3HAQYEHMS LIEICBOM (I)yHKI_II/II/I UL KAKIO0TO BO3MOJKHOTO PCHICHUA B IIpEACIax
MHOXXCCTBA:

Fo=J(#())i=1,.,1, (19)

rae ¥ (b) npexacraBiser (QYHKIUIO, HPEOOPa3yOLIyI0 KOJ HEUYHCIOBOM CTPYKTYPhl B PEAbHYIO

GYHKIIHIO.
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4. DBONIOIMOHHBIN UK BBIOJIHAETCS MTOKA HE OYJIeT JOCTUTHYTO YCIIOBUE OCTAHOBKH:

CryqaifHpIM 00pa30M BBIOMPAIOTCS JIBa HA0Opa BEKTOPOB BapUaIIHiA:

w, =W, . wrh), w, =W, ., weP) (20)
Ha ocHoBe 3Hauenuii nenaeBoil (pyHKIIMM BEIOPAHHBIX BEKTOPOB OINPENEISIETCS] BEPOSATHOCTh
NIEPECECYCHMUS:
P, =max ==, 2. (21)
F, F,

Ecni npu resepaumu CiayqaifHOro 4mcia BBIOpAaHO 3HAYCHHE MEHbuIee deM F,, TO

BBIMOJHSAETCST  mporecc mepecedeHus. CrydyallHbIM — 00pa3oM  BBIOMpaeTcss TOYKa
NepeceyeHHUs:

ke{1, ..,D}. (22)

[Tocne BBIOOpa TOYKH TEpeceYeHUs] BEKTOPHI Bapuallii B BBIOpAaHHBIX HA0Opax ClemayeT
IOMEHATh MECTaMH, 4YTOObI CO3/aTh JIBA HOBBIX HaOopa BEKTOPOB BapualMii, KOTOPHIE
0003HAYaIOT J1Ba HOBBIX PEIICHUS U3 D-OKPECTHOCTH 0a3HCHOTO PeIIeHHS:

— s s Wt L
W, = (W, L Wy, wekst | weP),

Wein = (Wel, .., Wwek wrktl |l (23)

Jlyiss BHOBb HaWJCHHBIX BO3MOXHBIX PEHICHHWA B BHJIE HAOOPOB BEKTOPOB Bapuaruii (23)
BBITIOJIHSIETCSL  TIPOIIECC MYTAllMM C 3aJaHHOW BEpOATHOCThIO. CiydallHBIM 00pa3zom
BBIOMPAETCS TOUKA MyTaIlMH, 3aT€M Ha 3TOU MO3HUIIMHU CO3AaETCSI HOBBIA BEKTOP BapUaIIUH.
PaccuntbiBatoTcsi 3HaueHHS 1€TE€BOM (PYHKIIMU [JI1 BHOBH OOHAPYKEHHBIX BO3MOMXHBIX
pewrennii. Ha OCHOBaHMM 3THUX 3HAQYEHUM OMNPEACIAETCS HUCXOJ KaKIOro HOBOIO
BO3MOYKHOTO pelIeHus], OyeT U OHO MUCKIFOUEHO MU J00aBJIEHO B MHOXKECTBO PEIICHUH B
KaueCTBE 3aMEHBI XYIIETO PEIICHHUS.

Hanee pa3zpaboTaH MeTOJ KOJUPOBAaHUS M AJITOPUTM IOMCKA PEIIEHUM, a TaKKe HMCCIeAYyeTCs

B3aMMOCBSA3b MEXJy HUM UM MPUHIUIIOM MajbIX Bapuauuid. /[aHHBIA METOJ MPUMEHSIETCS JUIsl pElIeHUs
po0JIEMbI CUHTE3a CUCTEMBI YIIPABICHHUS.

Cneny}omee MAaTEMAaTUYCCKOC BBIPAKCHUC ABJIACTCA MPUMEPOM TOI'O, KaK 3aKOAUPOBATH PCIICHUC

C IMOMOIIBI0 CUHTE3UPOBAHHOI'O TCHETUYCCKOT'O ITPOrpaMMHUpPOBAHUA:

y=exp (q3x§+q1x§)sin(q:x1)+cos(—q3x3+xl), (24)

rae (i, 2 U (3 — mapaMeTpsl PEeleHUH, X1, X2 U X3 — NPHUMEPbl MEPEMEHHBIX, Iae 00a SBIAIOTCA
apryMeHTaMy MaTeMaTHYECKOI'0 BBIPAXKEHHUS.

I[J'ISI NpCACTABJICHUA BBIPAXXCHUA B BaKO,Z[I/IpOBaHHOﬁ (bopMe HCO6XOI[I/IMO HCIIOJIB30BaTh

CIIeMYIONIN Ha0Op apryMEHTOB U (DYHKITHIA:

e Ha0boOp apryMEHTOB:

Fu=£fu,1= xirfu,:z x:rfu,azxarfu,4=q1!fu,5=q:rfu,ezqa}’ (25)

e Habop QyHKIUI, KOTOPBII XapakTepu3yeTcs OJJHUM apryMEHTOM:

F

1={fL1[Z)=Z!ﬁJ_,2 (z)=—z,fL3 [z)=z:,fL4 [z]=sin(zj,)‘15 (z}=cos(zj,fm (z}=exp (Z) }' (26)

e Habop QyHKIMI, XapaKTepU3yEeMbIil IByMsI apryMEHTaMHU:



28

Fz:{f:,i (z.25)=z, %20, f (21’22):‘2122}’ (27)
I/ TIEPBBI KOMIIOHEHT WHICKCOB 0003HA4YaeT KOJIMYECTBO apTryMEHTOB, BTOPOW SIBISIETCS HOMEPOM
GyHKIIHH.

Takum 00pa3oM, KOJ MaTEeMaTHYECKOTO BBIPAKCHHS NPEICTaBISET COOOW IIECTHCTPOUHYIO
[EJIOUUCIICHHYI0 MaTpuIly. [lepBast cTpoka MaTpuilbl 0003HaYaeT WHACKCHI PYHKIIUIH, KOTOPBIE OTHOCSTCS
K Habopy, XapaktepuzyemMoMy JAByMs aprymeHtamu (27). Wnaaekcel ¢yHKnuid w3 Habopa,
XapaKTEPU3yeMOro OJHUM apryMeHTOM (26), IpeCTaBICHbI BO BTOPOH M 4eTBEPTOM cTpokax. TpeThs u
nsiTasi CTPOKHM TPEACTaBISIFOT COOOW MHJCKChl apryMEHTOB M3 MHOXKECTBa apryMeHToB (25). B mectoit
CTPOKE yKa3aH MPHOPUTET. B KakoM CTOJIOIE MaTPUIBI BTOPOH AIeMeHT (0 JHOApTryMeHTHAst (DYHKIIUS)
U TPETUW DJIEMEHT (apTyMEHT) MPEICTABISIOT COOOW IMEpPBBIM apryMEHT MEPBOTO AJIEMEHTa CTOJOIa
(mByxaprymenTHas QyHkius). Kpome Toro, 4eTBEPTHII U MATHIA 3JIEMEHTHI MPEICTABISIOT OO0 BTOPOI
apryMeHT MEPBOTo 3JIEMEHTa CTOJIONA.

TepMUH «OTOPHBIN 3JIEMEHT» ISl KaXKJIOT0 CTOJIONA O3HAYaeT MO0 MepBbIi apryMeHT (BTOPOM U
TPETUH JIEMEHTBI), IMOO BTOPOH apryMeHT (YeTBEPTHIM M IMATHIA AJIEMEHTHI) 3TOro cToj0na. OnopHbIHA
9JIEMEHT MOKHO OTIPE/ICIHTD, 33/1aB IPUOPUTET (IIECTOH eMEeHT B cTosoue) 1 wiu 2.

[Tocne 3aBepIeHUs] BEIYUCICHUH JUTSI KOKIOTO CTOJIONA JaHHBIA pe3ylbTaT CleAyeT T00aBUTh K

HAaOOpy apryMeHToB (25), MOCTENEHHO YBEIHuYMBasg oOOIIee KOJIMYECTBO APryMEHTOB C KaKIbIM
BBIUHCIICHUEM.

Jliist TOoro, 4ToObl peain3oBaTh BeIpakeHHE (24) ¢ MOMOLIbIO 3TOM METOIMKH, HEOOXOIMMO HavyaTh
C KOJMPOBAHHs BBIPAKEHHUS §,%; B KAUECTBE NEPBOTO CTOJNONA MATPHIEL. [IepBBIM 3JIEMEHTOM CTONONA
ABJISICTCA MHJEKC (YHKLIHMU YMHOXXEHHUS B Habope (QyHKLUH, XapakTepu3yeMoro IBYyMs apryMEeHTaMHu
(27), 1o uncno 2: f, ,(z,,2z,)=z,z,. Jlna Broporo snemenTa QyHKIHUsS IapaMeTpa gz 3TO WICHTUYHAS
dynkumsa f, ,(z)=z, u3 Habopa QyHKIMHA, XapaKTepu3yeMbIX OJHHM apryMeHTOM (26), MHIEKC 3TOH
¢Gynkuyun paseH 1. JIns TpeThero sjaeMeHTa PacIoNIOKEHHE IapaMeTpa g, B Habope aprymMeHTOB (25)
paBHO 6. UeTBEPTHIM PIEMEHTOM SBISIETCS (QYHKIMS MEPEMEHHON x,, 8 MIMEHHO BO3BEJEHHE B KBaJpat
fi3 (z)=z7 eé& unnmekc pasen 3 B (26). Jl1st IATOrO SIEMEHTA, PACIIONOKEHUE TIEPEMEHHON X, B HAOOpE
aprymeHToB (25) paBHo 2. Illectoit snemeHT — 3TO mpuoputTeT W oH paBeH 1. Takum oOpazom, kox
BBIPAKEHUS X5, ABNAIOMMIICA HEPBBIM CTOJIOIOM MaTpHIbl, paBeH [2 1 6 3 2 1]T. Tlocne BbIYMCIEHUS
ATOr0 CTOJIONAa OH J00aBisieTCss K Habopy apryMeHTOB (25) Kak CceapMOil JJIeMEHT, WMEIOIIHUMA

obo3Hauenue (|F, [+1=6+1=7).

WToroBslii BUJ MaTpullbl, KOAUPYIOIIEH BbIpaxeHue (24), UMeeT CIeTyIOIni BUI:

22 1 2 2 1 2 1

1 1 1 1 2 1 6 5

/6 4 7 5 6 11 9 12
Rscp= 33 11 1 1 4 1/ (28)

2 3 8 1 3 1 10 13

1 1 1 1 1 1 1 1

Pa3pa60TaH METOJA OTCIC)KHUBAHUA HEOOBIINX HU3MEHEHUH B 3TOM MaTrpune, B KOTOPOM
A0CTAaTOYHO TPEXDJIEMCHTHOI'O HCIOYHUCICHHOI'O BEKTOpPA:

W = [w, w, w;]", (29)

TJIe 44¥; — MHJEKC CTOJI0Na, 14+, — UHIEKC CTPOKH, ii¥; — OOHOBIEHHOE 3HaYeHHUe deMeHTa. Eciou 1e, =1,
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TO TOCeAyouee yucio (1e+3) AMO0 JOIKHO OBITH HYJIEBBIM, JIMOO M3MEHEHHBIM Ha OCHOBE Habopa
(GyHKLUi, XapakTepu3yeMoro AByMs aprymentamu (27). Eciu 4w, =2 nnn 1w, =4, TO 4ir; 3aMeHseTCs Ha
0 unu BeIOMpaeTcs U3 Habopa (QyHKIUH, XapaKTepU3yeMoro oJHUM aprymeHToM (26). Eciu 1¢,=3 nnu
1%, =5, TO -1¥; MOXKET OBITh HYJIEBBIM MJIM OIPENEICHO KOMOMHALMEH KONMYECTBA apryMeHToB (25) u

KOJIMYECTBA CTOJOLOB MHMHYC OJIuH. OnpelnenéHHbIE YCIOBHUS PETYIUPYIOT MPUMEHEHHE MallbIX
BapHuanuii k Matpuue (28) Ha OCHOBE OMOPHOTO AJNEMEHTa U IpUOpUTETa. DTH TpeOOBaHUS MOTYT OBITH
pealn30BaHbl MMyTEM CIEAYIOUIUX BapUaIii:

wi=[3 6 2,
2=[ ':I:ll"J
=[4 1 1]%,
W*=[6 5 0], (30)
5:[ ':I:ll'-
We=[8 2 317,
w=[6 6 2],
Marpuna (28) nmociae npuMeHEHHUST U3MEHEHUI:
22 01212 1
1111216 3
1 2 _|6 4 7 5 6 11 9 12
WhoW?2o W3 aW* e W2 o W o W o R = 2 31111 241}t (31)
2 3813 01013
11211111
B uTore TpeThs u niecras Bapuanuu W3 u 1W° MOTYT OBITh BBITIOJHEHBI HATIPSIMYIO.
HoBas MaTpuia UMECT MPCACTABICHUC!
y = exp(g,x3) sin(g, + x,) + (—g3x3) % (32)

B Tperbeii riaBe, TOCBAIIEHHONM pe3ylbTaTaM HCCIEIOBAHMSA, IIPEJCTaBIeHa 3a1ada
ONTUMAJILHOTO YIIPaBJIEHHS JABYMS HETOJOHOMHBIMH MOOMIBHBIME poGoTamu. Cpea MOJETHPOBAHHUS
BKJIIOYAET PsJ CTATHYECKUX (Da30BBIX OrPaHMYEHMIl, a TakKe IMHAMHYECKHE (Da30Bble OrpPaHMYEHHS,
BO3HHMKAOIKE IPU CTOJIKHOBEHHH POOOTOB.

Maremaruueckas Mojenb 18yx poootos (I1. Ilycrep, A. Smioscka, 2011):

xi = D.S[ui + u‘;) cos [xg),
xg = D.S[::f.i + u“;) sin[xg), (33)
ij =05 [u}.. - uff)
rae x’ = [x] xJ x]]7 — Bextop cocrosmus poGora j, w = [u) ul]T — BexTOp ympasnenus poGorom j,
j=12.

Ha naganpHOM 3Tare HeOOXOUMO PEITUTh 33/1a4y CUHTE3a YIPaBICHUS:

3a/1af0TCs YETHIPHAIIATh HAYaIbHBIX COCTOSHHIA (7):
T T T T
X, = {x“’ = [—3 35 i—Z] 2% = [—3 —-35 5—”] %2 = [3 - 35 i—z] , X038 = [3 35 i—;] , 2% =

T T T T
[—3 3.5—?—:] , x%5 = [—3 —35 —?—”] ,x%6 = [3 —35 —T—Z] R [3 3.5 _i_;] L x%8 =
[-3 35 0], x%% = [-3 —3.5 0]", 2% =[3 —3.5 0]7, 2™ =[3 35 0], 2% =

[u 0 i—’;]r,x“‘*“ = [0 0 —i—;]r} (34)
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YcranasiuBaercst KoneuHas mo3unus (8):
x" =[x} x5 x3]" =[0 0 0]". (35)

Onpenensercs: KpUTEpU KauecTa:
L

J’s'}':lz = Z[tf,i + 1 ||x$ - x[tf,i’xm) |I] — min,
i=1 (36)

re tp; — IEPUOJ, XAPAKTCPU3YIOUIMHCA JOCTHKEHHEM KOHEYHOrO COCTOsAHMs (35), HayuHas ¢
HayalbHBIX cocTosHuM (34), i =1, ...,L, L — o0liee KOIMYECTBO HAyalbHBIX COCTOSHUH, L = 14, p, —

BECOBOM KO duimeHt, p, = 1.

[TocTpoeHs! ciienyrone MaTeMaTHYeCKUe BRIPpAXKEHU IS QYHKIUHA YIIPABICHHUS:
= (e~ ) cf = 20 (o o = )+ aed = )+ s (o~ ) o] =), +
[x‘:f — xg)) + g, [x:; - xﬂ))ln(‘[x,_’.‘ —xg)[:x.{ - xl){ql + [x‘:f — xg)) + g, [x:; - x3)| + l) +

o(a:(e! _xa))) /2

. (37)
i, = (4* sin(q3) * (x] — x))%, (38)
‘D('sz{u;gn(ﬂl Ei:;qim{ﬁ (39)

q,=0.23307, q,=6.87832, q,=8.36356, §=10"%. Kpurepuii kauectsa cocrasmuser (36), /,,,,=1.75102.

Pemenue 3aaun cuHTE3a YyIpaBJIEHUS IPUBOAUT K MOSIBJICHUIO YCTOMYNBON TOUKH PaBHOBECHS B
pOoCTpaHcTBe cocTossHUM. Ha BTOpOM 3Tame, A MOMCKa YHOMSHYTBIX TOUYEK HMCIONb3YETCsS alrOpUTM
ontumusarmu post yactuil ([Ix. Keunenu, P. D6epxapt, 1995), B pe3yabTare npuMeHEHHsS] KOTOPOTO JIJIs
KaXKJ0ro MOOUIIBHOTO po0O0Ta OMPEENIAIOTCS TPH TOUKH.

HaganbHBIMHA COCTOSTHUSMH I IBYX pO60TOB SABIIAKOTCA:

x'(0) =x"' = [0 0 0],
x*(0) =x"* =J10 10 0]". (40)
Koneunrie coctosgsuus YCTAHOBJICHBI:
x'(t;) =x"* =[10 10 0],
x*(t;) =x"* =[0 0 0], (41)
rac

t

t, t<ttand|x —x(t)] <
fz{ ecsn an ||x x( ]|I E, (42)

t+, HHA4e

rme s = 0.01,tT =2.7c,
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E
< <@l = |} ¢f —x(0):

A (43)
HOCJ’IGI[YI'OH_[I/Iﬁ KpHTepHﬁ KaueCTBa MNPHUMCHACTCA A pPEeIICHHA 3aJadd OIITHMAJIbHOI'O
yIpaBJICHUS:
R Y f 005 — | (<) ~ 1)’ + (£~ x2)")
st=1j=10
t .
' — _ S
o[ 0(r- [Gi-aDr+Gi-ad2)4e )y |Z[x,;_x:)-
B j=14 i1

rnec, = 2, ¢, =4, cg = 2.5, 9(4) — crynenyaras pyHkuus Xepucaiaa:

ecan A= 0
HHade

8(a)={y (45)
0,

TO€ Ty, Xy, X5 . — 3aJaHHBIC IapaMeTphl (PaguyC M KOOPAMHATHI LIEHTPA) OrPAaHUYECHHI CTaTHYECKOM

¢aspl, st = 1, ..., P,, P, — o0liee KoIn4ecTBO (pa30BbIX OIPaHUUCHU, T1e

Po=5n=2n=2n=2nn=2n=2x,=0,x,, =5x3=10,x,,=5,x;; =5,x,, =

S,XLE = 5,:4:1El = .':1,:4:1‘1 = lJ,xLE_ =10

MHMHHUMAaJIbHO JOIIYCTUMOE 0€3011aCHOE PaCcCTOsIHUE MEXy podoTamu, 1, = 2.
Jns Ka)moro MOOMIBHOrO poboTa Ha BTOPOM 3Tan€ ONPEAEIATCS TPH TOYKH. OHM HMEIOT
CIIEIyIOIME KOOPANHATHI B IPOCTPAHCTBE COCTOSTHMM {X |, X5, X5}

xtvl = [—0.0372 3.2964 1.4551]7,x"* =[5304 85296 0.6911], »** =
[10.2478 5.3404 —0.7197]7,x**! =[7.4218 107499 0.5217]", x> =
[4.3332 110171 1.3788])7,x*% =[0.1775 4.6068 — 0518]7, (46)

I7Ie HepBble TPU TOYKM OTHOCSTCS K IEpBOMY poOOTy, a oOcCTalbHble KO BTOPOMY. AJTOPUTM
ONTUMU3ALMU PO YACTHIL] UCTIOJIB30BAIICA JUIsl HAXOXKIEHUS TOUEK PaBHOBECHS.

Ha puc. 1-7 npencraBiensl pe3yabTaTbl KOMIIBIOTEpHOTO MoJenupoBanus. Puc. 1 nemoHcTpupyer
HOJXO/SIINE TPACKTOPUH, CTEHEPUPOBAHHBIE MOOWIBHBIMH POOOTaMH B IUIOCKOCTH {x,x,}. KpacHas

JVHHUS OPEJCTaBIAET TPACKTOPHUIO IIEPBOrO poOOTa, KENTast — BTOPOro, (PHOJIETOBBIE KPYTH YKa3bIBAIOT HA
¢dazoBble orpaHuueHus. 3el€Hble KBaJIpaThl NMPEACTaBIAOT co00i HailneHHble o dopmyie (46) TOUkH
paBHOBecHsI NEPBOro poboTa, uépHble KBaapaThl — BTOporo. Kak BuaHO u3 HabmoneHui, oba pobora
YCIIEIIHO JOCTHTJIA CBOMX KOHEUHBIX COCTOSIHUH, He Hapymas (a3oBeIX orpaHndeHnid. OyHKIIMOHAIEHOE
3Ha4yenue coctasuwio (44), [,,,=2.7032,

CKOpOCTB NEpCABUKCHUA pO60TOB B HeHOCpCﬂCTBCHHOﬁ OJIM30CTH OT TOYEK yCTOﬁ‘-IHBOFO
paBHOBECHUSA NOJIKHBI OBITh HIDKE. CJ'ICI[OB&TCJ'IBHO, I JOCTHUKCHU S 0oJiee BHICOKHX CKOpOCTCﬁ 00BEKT
yHpaBJICHUA JOJDKCH HAXOJUTHCA HC TOYHO B TOYKE yCTOI\/'I‘-II/IBOl"0 PAaBHOBCCHA, a4 pAAOM C HEHl.
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3AK/IIOYEHUE

Pe3ynpTaThl TUCCEpTaIMOHHOTO HCCIIEJOBAHUS:

1. bBbuto mokazaHo, YTO METOJl CHMBOJBHOW PErpecCHH MO3BOJISIET YCICUIHO pemaTh 3aaady
CHHTE3a YIpaBJIeHUS 0e3 TPyJOEMKOro IOCTPOCHUs OOydarouied BBIOOPKH, OCHOBBIBAsCh TOJBKO Ha
KPUTEPUH MUHUMH3ALUU QYHKIIUU Ka4eCTBa.

2. Jna  >pQPEeKTUBHOIO TOWCKAa HWHTEIUIEKTYaJbHOTO pPELICHHS CHUHTE3a  YIpPaBJICHUSA
IpeJIaraeTcsi UCIOIb30BaHUE MPUHIMIIA MAJIBIX BapUaIMii B 0a3MCHOM pPEIICHHUH.

3. Tlocne pemenust 3amaum CHUHTE3a YNpaBJICHUs cuUcTeMa Au(QepeHInaIbHbIX YpaBHEHHHA C
HAMJIEHHBIMU  YIIPABISIOMMMHA  (QYHKIMSAMHA B TpPaBOM 4YacTH BCErla HMMEET YCTOMYUBYIO TOYKY
pPaBHOBECHSI B TPOCTPAHCTBE COCTOSHUM.

4. Kputepuem KauecTBa 3afaydl CHUHTe3a SBISETCS BpeMs JOCTIDKEHHS KOHEUHOW TOYKH W3
HaOopa HavaJIbHBIX YCIIOBHUH. B 3amaue cuHTe3a (a3oBbie OrpaHUYEHUS HE YUUTHIBAINCH, TOT/Ia KaK MPU
MIOWCKE TOYEK CTAOMIIM3AIMH YYUTHIBAIMCH TMHAMHYECKHE U CTaTUYECKHE (Pa30BbIe OTPAaHUYCHHUS.

5. YucneHnHoe pemieHue 3aa4 ONTUMH3AINN YIIPABICHUS C HCIIOIB30BAHUEM HBOJOIMOHHOTO
QITOPUTMA JIEMOHCTPUPYET, YTO 3TH aJTOPUTMBI MOTYT 3(PPEKTHBHO HAXOAWTH PEIICHUS Ui 3a/1ad

ONTUMU3AIINU YIIPABJICHUA KaK CO CTATUYCCKUMU, TaK U C JMHAMUYCCKUMU (1)213OBI)IMI/I OrpaHUYCHUSAMU.
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AHHOTAIIUA
AKapym Kappap Caxud Haccpyaiaa
«AJITOPUTM CUMBOJILHOM perpeccum 1Jisl ypaBJieHUs Her0JIOHOMHBIMUA MOOMIbHBIMH

poboTamu Ha KOJEcax»
Jluccepramusi MOCBAIIEHA ITIOCTPOEHHIO CHCTEMbI YIIPABICHHSA M[Apoil HETOJIOHOMHBIX MOOHMIIbHBIX

po6oTOB. BhIMmoHEHNE Mpe/IaraeMoro yupaBjieHus TpeOyeT COo3aHus JBOWHOM METIu 0OpaTHOW CBS3H:
BO BHYTPEHHEM KOHTYpe pPOOOT CTaOWMIM3HPYETCS OTHOCHUTEIBHO 3aJaHHOW TOYKH B IPOCTPAHCTBE
COCTOSIHMH (3a/1aua pelieHa ¢ MOMOIIbI0 YUCICHHOTO METOAa CHUMBOJIBHOW PETPECcCHU C HaXOXKJICHHUEM
GbyHKIMIA 0OpaTHOM CBsI3W); BO BHEIIHEM KOHTYpE 3ajada JOCTIKEHHS A(G()EKTUBHOTO YIpaBIICHUS
poboTamMu pemnieHa IMYTEM HMCIOIB30BaHUS SBOJIONMOHHOTO QJITOPUTMA, IO3BOJISIFOIIETO HW3MEHSTH
MOJIOKEHWE YCTOWMYMBBIX TOYEK paBHOBecHs. OOBEKT YIpaBiIEHUS JOCTUTACT YCTOWYHMBOW TOYKH
paBHOBeCHsI B IIPOCTPAHCTBE COCTOSHUN. HalimeHHbIE TOYKM PaBHOBECHS MOTYT OBITh YTOYHEHBI Ha
OCHOBE aJITOPHTMa ONTHUMH3AIMK POS YaCTHUII, YTOOBI MOOWJIBHBIA pOOOT MOT A0OpaThCs U3 HAYAIbHOU
TOYKM B KOHEYHYIO C VIYUIICHHBIM 3HAUY€HHWEM KpUTEpHsl KadecTBa U TpaekTopueil. PesynbraTsl
MPOBEAEHHBIX MOJIEJIBHBIX AKCIIEPUMEHTOB MOKA3aJId, YTO POOOTHI YCHEIIHO JIOCTUIIH CBOMX KOHEYHBIX
nenel, He HapymuB (Ha30BBIX OTpaHUYEHUI M u30exaB CToJIKHOBeHUi. [lokazaHo, uTo 3¢ deKkTuBHOE
yIpaBICHUS BIUSET HAa COOTBETCTBYIOUIME KOMIIOHEHTHI BEKTOPOB, MPEACTABIAIOIIUX IMPOCTPAHCTBO
COCTOSIHUH.

ABSTRACT
Jawoosh Karrar Sahib Nassrullah
«Symbolic regression algorithm for control of non-holonomic wheeled mobile robots»
The dissertation is devoted to the construction of a control system for a pair of nonholonomic mobile

robots. The implementation of the proposed control requires the creation of a double feedback loop: in the
inner contour, the robot stabilizes relative to a given point in the state space (the problem is solved using
the numerical method of symbolic regression with the finding of feedback functions); in the outer contour,
the task of achieving effective robot control is solved by using an evolutionary algorithm that allows
changing the position of stable equilibrium points. The control object reaches a stable equilibrium point in
the state space. The found equilibrium points can be refined based on the particle swarm optimization
algorithm so that the mobile robot can get from the starting point to the end point with an improved value
of the quality criterion and trajectory. The results of the conducted model experiments showed that the
robots successfully achieved their final goals without violating phase constraints and avoiding collisions.
It is shown that the effective control affects the corresponding components of the vectors representing the
state space.



