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Îáùàÿ õàðàêòåðèñòèêà ðàáîòû

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ è ñòåïåíü å¼ ðàçðàáîòàííîñòè

Â 1960 ãîäó Ãåëüôàíä â ñâîåé ñòàòüå1 ïîñòàâèë çàäà÷ó âû÷èñëåíèÿ èíäåêñà ýëëèïòè÷åñêèõ ïñåâ-
äîäèôôåðåíöèàëüíûõ îïåðàòîðîâ (ÏÄÎ). Â 1963 ãîäó ïðîáëåìà èíäåêñà áûëà ðåøåíà Àòü¼é
è Çèíãåðîì2, êîòîðûå ïîëó÷èëè òåîðåìó îá èíäåêñå ýëëèïòè÷åñêèõ ïñåâäîäèôôåðåíöèàëüíûõ
îïåðàòîðîâ íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè. Ýòà òåîðåìà âûðàæàåò àíàëèòè÷åñêèé èíäåêñ
îïåðàòîðà â òåðìèíàõ òîïîëîãè÷åñêèõ èíâàðèàíòîâ. Â äàëüíåéøåì ñòàëè ïîÿâëÿòüñÿ ðàçëè÷-
íûå îáîáùåíèÿ òåîðåìû îá èíäåêñå � ýêâèâàðèàíòíàÿ òåîðåìà îá èíäåêñå3, èíäåêñ ñåìåéñòâà
ýëëèïòè÷åñêèõ îïåðàòîðîâ4, èíäåêñ ýëëèïòè÷åñêèõ îïåðàòîðîâ íà íåêîìïàêòíûõ ìíîãîîáðàçè-
ÿõ5, òåîðåìà îá èíäåêñå íà ìíîãîîáðàçèè ñ êðàåì6, èíäåêñ ò¼ïëèöåâûõ îïåðàòîðîâ7 è ò.ä. Òàêæå
òåîðèÿ èíäåêñà íàøëà èíòåðåñíûå ïðèìåíåíèÿ â ôèçèêå, íàïðèìåð, â êâàíòîâîé òåîðèè ïîëÿ.

Ïîä G-òåîðèåé ïîíèìàåòñÿ òåîðèÿ ýëëèïòè÷åñêèõ îïåðàòîðîâ, àññîöèèðîâàííûõ ñ äåéñòâèåì
ãðóïïû G íà ìíîãîîáðàçèè. Áîëåå òî÷íî, äëÿ äàííîãî ïðåäñòàâëåíèÿ ãðóïïû G â ïðîñòðàíñòâå
ôóíêöèé íà ìíîãîîáðàçèè M ðàññìàòðèâàåòñÿ êëàññ îïåðàòîðîâ, ïîðîæä¼ííûõ îïåðàòîðàìè
èç ïðåäñòàâëåíèÿ è ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè. Òàêèå îïåðàòîðû áûëè íàçâàíû
G-îïåðàòîðàìè. Âïåðâûå G-îïåðàòîðû ïîÿâèëèñü â ðàáîòå Êàðëåìàíà8 1932 ã., êîòîðûé ðàñ-
ñìàòðèâàë ýëëèïòè÷åñêóþ ãðàíè÷íóþ çàäà÷ó ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè, îòâå÷àþ-
ùèì èíâîëþöèè ãðàíèöû. Ïðè ýòîì çàäà÷à ñâîäèòñÿ ê èçó÷åíèþ G-îïåðàòîðà íà ãðàíèöå. Ýòà
ðàáîòà ìîòèâèðîâàëà èçó÷åíèå íåëîêàëüíûõ îïåðàòîðîâ ñî ñäâèãàìè àðãóìåíòîâ íà ãëàäêèõ
çàìêíóòûõ ìíîãîîáðàçèÿõ.

Òåîðèÿ ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé áûëà ïîñòðîåíà Ñêóáà÷åâ-
ñêèì9, òåîðèÿ êðàåâûõ çàäà÷ äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàñòÿæåíè-
ÿìè è ñæàòèÿìè ïåðåìåííûõ áûëà ïîñòðîåíà â ðàáîòàõ Ðîññîâñêîãî10.

Åñòåñòâåííûì îáîáùåíèåì ãðàíè÷íîãî îïåðàòîðà èç ðàáîòû Êàðëåìàíà ÿâëÿåòñÿ îïåðàòîð
âèäà

D =
∑
g∈G

DgTg : C
∞(M) −→ C∞(M), (1)

ãäå G � íåêîòîðàÿ äèñêðåòíàÿ ãðóïïà äèôôåîìîðôèçìîâ ãëàäêîãî çàìêíóòîãî ìíîãîîáðàçèÿ
M , [Tgu](x) = u(g−1(x)) � îïåðàòîð ñäâèãà, îòâå÷àþùèé äèôôåîìîðôèçìó g : M → M , {Dg} �
íàáîð ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ ïîðÿäêà ≤ m. Ñóììèðîâàíèå âåä¼òñÿ ïî êîíå÷íîìó
÷èñëó ýëåìåíòîâ g ∈ G, ïðè ýòîì ñàìà ãðóïïà G ìîæåò áûòü êàê êîíå÷íîé, òàê è áåñêîíå÷íîé.

1Ãåëüôàíä È. Ì. Îá ýëëèïòè÷åñêèõ óðàâíåíèÿõ // Óñïåõè ìàòåì. íàóê, 15(3): 121�132 (1960).
2Atiyah M. F., Singer I. M. The index of elliptic operators on compact manifold // Bull. Amer. Math. Soc., 69: 422�433

(1963).
3 Atiyah M. F., Segal G. B. The index of elliptic operators II // Ann. Math., 87: 531�545 (1968).
4 Atiyah M. F., Singer I. M. The index of elliptic operators IV // Ann. Math., 93: 119�138 (1971).
5 Atiyah M. F. Elliptic operators, discrete groups and von Neumann algebras // Ast�erisque, 32�33: 43�72 (1976).
6 Boutet de Monvel L. Boundary problems for pseudodi�erential operators // Acta Math., 126: 11�51 (1971).
7 Boutet de Monvel L. On the index of Toeplitz operators of several complex variables // Invent. math., 92(2): 243�254

(1988).
8 Carleman T. Sur la th�eorie des �equations int�egrales et ses applications // Mathem. Kongr. Z�urich, 1: 138�151 (1932).
9 Skubachevskii A. L. Elliptic Functional Di�erential Equations and Applications // Operator Theory: Advances and

Applications, 91, Basel: Birkh�auser Verlag, 1997.
10Ðîññîâñêèé Ë. Å.. Ýëëèïòè÷åñêèå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ñî ñæàòèåì è ðàñòÿæåíèåì àðãó-

ìåíòîâ íåèçâåñòíîé ôóíêöèè. ÑÌÔÍ, 54: 3�138 (2014).
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Ê èçó÷åíèþ îïåðàòîðîâ (1) ñâîäÿòñÿ íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â îáëàñòÿõ Rn, îòâå÷àþùèõ äèôôåîìîðôèçìàì ãðàíèöû. Ðåçóëüòàòû
î ôðåäãîëüìîâîñòè îïåðàòîðîâ (1) â ñëó÷àÿõ êîíå÷íîé è áåñêîíå÷íîé ãðóïïû äèôôåîìîðôèç-
ìîâ ïðèâåäåíû â îñíîâîïîëàãàþùèõ ðàáîòàõ Àíòîíåâè÷à11,12 è Àíòîíåâè÷à è Ëåáåäåâà13,14 (ñì.
òàêæå öèòèðîâàííóþ â íèõ ëèòåðàòóðó), Ðàáèíîâè÷à15. Ïðè ýòîì êàê ìåòîäû, òàê è ðåçóëü-
òàòû ñóùåñòâåííî çàâèñåëè îò ñâîéñòâ ãðóïïû (êîíå÷íîé èëè áåñêîíå÷íîé), ïîðîæäàåìîé ïðå-
îáðàçîâàíèÿìè ïåðåìåííûõ. Áûëî ââåäåíî ïîíÿòèå òðàåêòîðíîãî ñèìâîëà äëÿ îïåðàòîðà (1),
à èìåííî, òðàåêòîðíûé ñèìâîë ìîæíî îïðåäåëèòü êàê ñåìåéñòâî êîíå÷íî-ðàçíîñòíûõ îïåðàòî-
ðîâ, ïàðàìåòðèçîâàííîå êîêàñàòåëüíûì ðàññëîåíèåì ìíîãîîáðàçèÿ áåç íóëåâîãî ñå÷åíèÿ T ∗

0M .
Óêàçàííûå îïåðàòîðû äåéñòâóþò îãðàíè÷åííî â ïðîñòðàíñòâàõ ℓ2(G) → ℓ2(G) êâàäðàòè÷íî ñóì-
ìèðóåìûõ ôóíêöèé íà ãðóïïå. Êðîìå òîãî, ñèìâîë ìîæíî îïðåäåëèòü êàê ýëåìåíò ñêðåùåííîãî
ïðîèçâåäåíèÿ16 àëãåáðû íåïðåðûâíûõ ôóíêöèé íà êîñôåðè÷åñêîì ðàññëîåíèè S∗M ìíîãîîáðà-
çèÿ è ãðóïïû G. Óñëîâèå ýëëèïòè÷íîñòè îïðåäåëÿåòñÿ êàê îáðàòèìîñòü ñèìâîëà îïåðàòîðà (1) è
âëå÷¼ò ôðåäãîëüìîâîñòü îïåðàòîðà â ïîäõîäÿùèõ ïðîñòðàíñòâàõ Ñîáîëåâà. Ïðè âåñüìà îáùèõ
ïðåäïîëîæåíèÿõ óñòàíîâëåíà ýêâèâàëåíòíîñòü óñëîâèé ýëëèïòè÷íîñòè äëÿ ýòèõ äâóõ ñèìâîëîâ.
Âàæíî îòìåòèòü, ÷òî, â îòëè÷èå îò òåîðèè ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ, ýëëèïòè÷-
íîñòü (è, ñëåäîâàòåëüíî, ôðåäãîëüìîâîñòü) îïåðàòîðà (1) ñóùåñòâåííî çàâèñèò îò ïîêàçàòåëÿ
ãëàäêîñòè s ïðîñòðàíñòâ Ñîáîëåâà Hs, â êîòîðûõ îïåðàòîð äåéñòâóåò (ñì., íàïð., ðàáîòû17,18,19).

Ïåðâàÿ ôîðìóëà èíäåêñà äëÿ íåëîêàëüíûõ îïåðàòîðîâ áûëà ïîëó÷åíà Àíòîíåâè÷åì20 äëÿ
ñëó÷àÿ êîíå÷íîé ãðóïïû G. Èíäåêñ íåëîêàëüíîãî îïåðàòîðà âûðàæàåòñÿ ÷åðåç ÷èñëà Ëåôøåöà
íåêîòîðîãî âñïîìîãàòåëüíîãî ýëëèïòè÷åñêîãî ïñåâäîäèôôåðåíöèàëüíîãî îïåðàòîðà íà ìíîãî-
îáðàçèè M . Â ñëó÷àå êîíå÷íîé ãðóïïû äëÿ ÷èñåë Ëåôøåöà èìååòñÿ ôîðìóëà, àíàëîãè÷íàÿ
ôîðìóëå Àòüè�Çèíãåðà21, ÷òî ðåøàåò ïðîáëåìó èíäåêñà. Â ñëó÷àå áåñêîíå÷íîé ãðóïïû ïðîáëå-
ìà îêàçàëàñü íàìíîãî áîëåå ñëîæíîé è ïîòðåáîâàëà ïðèâëå÷åíèÿ íîâûõ ìåòîäîâ, ñâÿçàííûõ ñ
íåêîììóòàòèâíîé ãåîìåòðèåé.

Ïåðâîå ïðîäâèæåíèå ïîëó÷åíî â ðàáîòå Êîííà22, êîòîðûé ðàññìàòðèâàë îïåðàòîðû íà ïðÿ-
ìîé, ïîðîæä¼ííûå äèôôåðåíöèàëüíûìè îïåðàòîðàìè ñ êîýôôèöèåíòàìè èç íåêîììóòàòèâ-
íîé àëãåáðû. Äàëüíåéøåå ïðîäâèæåíèå â ðåøåíèè ïðîáëåìû èíäåêñà äëÿ ýëëèïòè÷åñêèõ G-

11 Àíòîíåâè÷ À. Á. Îá èíäåêñå è íîðìàëüíîé ðàçðåøèìîñòè îáùåé ýëëèïòè÷åñêîé çàäà÷è ñ êîíå÷íîé ãðóïïîé ñäâèãîâ
íà ãðàíèöå // Äèôô. óðàâí., 8: 309�317 (1972).

12 Àíòîíåâè÷ À. Á. Îïåðàòîðû ñî ñäâèãîì, ïîðîæäåííûì äåéñòâèåì êîìïàêòíîé ãðóïïû Ëè // Ñèá. ìàòåì. æóðí.,
20(3): 467�468 (1979).

13 Àíòîíåâè÷ À. Á., Ëåáåäåâ À. Â. Î í¼òåðîâîñòè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ÷àñòíûìè ïðîèçâîä-
íûìè, ñîäåðæàùåãî ëèíåéíîå ïðåîáðàçîâàíèå àðãóìåíòà // Äèôô. óðàâí., 18: 987�996 (1982).

14 Antonevich A., Lebedev A. Functional-Di�erential Equations. I. C∗-Theory. // Pitman Monographs and Surveys in Pure

and Applied Mathematics, 70, Harlow: Longman, 1994.
15 Ðàáèíîâè÷ Â. Ñ. Î ðàçðåøèìîñòè äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé íà Rn è â ïîëóïðîñòðàíñòâå // Äîêë. ÀÍ

ÑÑÑÐ, 243(5): 1134�1137 (1978).
16 Zeller-Meier G. Produits crois�es d'une C∗-alg�ebre par un groupe d'automorphismes // J. Math. Pures. Appl., 47: 101�239

(1968).
17Ðîññîâñêèé Ë. Å. Ýëëèïòè÷åñêèå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ñî ñæàòèåì è ðàñòÿæåíèåì àðãóìåí-

òîâ íåèçâåñòíîé ôóíêöèè. ÑÌÔÍ, 54: 3�138 (2014).
18Ñàâèí À.Þ., Ñòåðíèí Á.Þ.. Îá èíäåêñå ýëëèïòè÷åñêèõ îïåðàòîðîâ äëÿ ãðóïïû ðàñòÿæåíèé. Ìàòåì. ñá., 202(10):

99�130 (2011).
19Izvarina N. R., Savin A. Yu. Ellipticity of operators associated with Morse-Smale di�eomorphisms. In Di�erential equations

on manifolds and mathematical physics, Trends Math., pages 202�220. Birkh�auser/Springer, Cham, 2021.
20 Àíòîíåâè÷ À. Á. Ýëëèïòè÷åñêèå ïñåâäîäèôôåðåèöèàëüèûå îïåðàòîðû ñ êîíå÷íîé ãðóïïîé ñäâèãîâ // Èçâ. ÀÍ ÑÑÑÐ,

ñåð. ìàò., 37(3): 663�675 (1973).
21 Atiyah M. F., Singer I. M. The index of elliptic operators III // Ann. Math., 87: 546�604 (1968).
22 Connes A. Noncommutative geometry, San Diego, CA: Academic Press Inc., 1994.
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îïåðàòîðîâ áûëî ñäåëàíî â ðàáîòàõ Íàçàéêèíñêîãî, Ñàâèíà è Ñòåðíèíà23, Ñàâèíà è Ñòåðíè-
íà24,25, Ñàâèíà26. Òàêæå G-îïåðàòîðû íà êîíòàêòíûõ ìíîãîîáðàçèÿõ èçó÷àëèñü â ðàáîòå27, íà
ìíîãîîáðàçèÿõ ñ îñîáåííîñòÿìè � â ðàáîòå28, â Rn � â ðàáîòå29.

Ïðîáëåìà èíäåêñà äëÿ G-îïåðàòîðîâ íà íåêîìïàêòíûõ ìíîãîîáðàçèÿõ èçó÷àëàñü ìàëî. Â
ëîêàëüíîì ñëó÷àå (ò.å. áåç ñäâèãîâ) â ðàáîòàõ Àòüè, Ïàòîäè è Çèíãåðà30 èçó÷àëàñü ïðîáëåìà
èíäåêñà îïåðàòîðîâ Äèðàêà íà ìíîãîîáðàçèÿõ ñ êðàåì (èëè, ýêâèâàëåíòíî, íà íåêîìïàêòíûõ
ìíîãîîáðàçèÿõ ñ öèëèíäðè÷åñêèìè êîíöàìè). Â öèòèðóåìîé ñåðèè ðàáîò ââåäåíî âàæíîå ïî-
íÿòèå η-èíâàðèàíòà, îïèñûâàþùåãî âêëàä ãðàíèöû â ôîðìóëó èíäåêñà. Îí îïðåäåëÿåòñÿ êàê
ðåãóëÿðèçàöèÿ òèïà ζ-ôóíêöèè ñèãíàòóðû êâàäðàòè÷íîé ôîðìû, àññîöèèðîâàííîé ñ ðàññìàò-
ðèâàåìûì ñàìîñîïðÿæ¼ííûì îïåðàòîðîì, è ïî ñâîåìó îïðåäåëåíèþ ÿâëÿåòñÿ ñïåêòðàëüíûì èí-
âàðèàíòîì. Èññëåäîâàíèåì η-èíâàðèàíòîâ è èõ ïðèëîæåíèé â äàëüíåéøåì çàíèìàëèñü òàêèå
àâòîðû, êàê Áèñìþ, ×èãåð, Ìþëëåð, Âèòòåí è äð.

Âàæíîå îáîáùåíèå η-èíâàðèàíòà Àòüè�Ïàòîäè�Çèíãåðà áûëî íàéäåíî Ìåëüðîóçîì31, êîòî-
ðûé ðàññìàòðèâàë ÏÄÎ ñ ïàðàìåòðîì, è η-èíâàðèàíò îïðåäåëÿëñÿ êàê ñïåöèàëüíàÿ ðåãóëÿðè-
çàöèÿ ÷èñëà âðàùåíèÿ äëÿ òàêèõ ñåìåéñòâ. À èìåííî, â öèòèðîâàííîé ðàáîòå áûëî ïðåäëîæåíî
ðàññìàòðèâàòü ñåìåéñòâà D(p) ÏÄÎ ñ ïàðàìåòðîì p ∈ R, è η-èíâàðèàíò ñåìåéñòâà îïðåäåëÿëñÿ
êàê ñïåöèàëüíàÿ ðåãóëÿðèçàöèÿ ÷èñëà âðàùåíèÿ, ïðåäñòàâèìîãî âûðàæåíèåì

1

2πi

�

R

tr

(
D−1(p)

dD(p)

dp

)
dp, (2)

ãäå tr � ñëåä îïåðàòîðà è ïðåäïîëàãàåòñÿ, ÷òî ñåìåéñòâî D(p) ÿâëÿåòñÿ ýëëèïòè÷åñêèì ñ ïàðà-
ìåòðîì â ñìûñëå Àãðàíîâè÷à�Âèøèêà32 è îáðàòèìûì ïðè âñåõ p ∈ R. Çàìåòèì, ÷òî ðåãóëÿðè-
çàöèÿ â (2) òðåáóåòñÿ êàê äëÿ ñëåäà tr (ïîñêîëüêó îí ïðèìåíÿåòñÿ ê îïåðàòîðó D−1dD/dp, ñëåä
êîòîðîãî, âîîáùå ãîâîðÿ, íå îïðåäåë¼í), òàê è äëÿ èíòåãðàëà (êîòîðûé, êàê ïðàâèëî, ðàñõîäèòñÿ
íà áåñêîíå÷íîñòè). Ìåëüðîóç îïðåäåëèë êàê ðåãóëÿðèçîâàííûé ñëåä (èñïîëüçóÿ äèôôåðåíöè-
ðîâàíèå ñåìåéñòâà ïî ïàðàìåòðó), òàê è ðåãóëÿðèçîâàííûé èíòåãðàë (èñïîëüçóÿ ðåãóëÿðèçà-
öèþ òèïà ãëàâíîãî çíà÷åíèÿ), èññëåäîâàë ñâîéñòâà η-èíâàðèàíòà, â ÷àñòíîñòè, ïîêàçàë, ÷òî
η-èíâàðèàíò Àòüè-Ïàòîäè-Çèíãåðà ñîâïàäàåò ñ η-èíâàðèàíòîì íåêîòîðîãî ñåìåéñòâà ñ ïàðàìåò-
ðîì. Â äàëüíåéøåì η-èíâàðèàíò ñåìåéñòâ èñïîëüçîâàëñÿ â ôîðìóëàõ èíäåêñà íà ìíîãîîáðàçèÿõ

23 Nazaikinskii V. E., Savin A. Yu., Sternin B. Yu. Elliptic theory and noncommutative geometry // Operator Theory: Advances
and Applications, 183, Basel: Birkh�auser Verlag, 2008.

24 Ñàâèí À.Þ., Ñòåðíèí Á.Þ. Îá èíäåêñå íåêîììóòàòèâíûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ íàä C∗-àëãåáðàìè // Ìàòåì.

ñá., 201(3): 63�106 (2010).
25 Ñàâèí À.Þ., Ñòåðíèí Á.Þ. Îá èíäåêñå íåëîêàëüíûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ äëÿ ãðóïïû ðàñòÿæåíèé // ÄÀÍ,

433(1): 21�24 (2010).
26 Ñàâèí À.Þ. Îá èíäåêñå íåëîêàëüíûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ, îòâå÷àþùèõ íåèçîìåòðè÷åñêîìó äèôôåîìîðôèç-

ìó // Ìàòåì. çàìåòêè, 90(5): 712�726 (2011).
27 Perrot D., Rodsphon R. An equivariant index theorem for hypoelliptic operators // ArXiv (2014) arXiv:1412.5042v2.
28 Ñàâèí À.Þ., Ñòåðíèí Á.Þ. Ýëëèïòè÷åñêèå G-îïåðàòîðû íà ìíîãîîáðàçèÿõ ñ èçîëèðîâàííûìè îñîáåííîñòÿìè //

ÑÌÔÍ, 59: 173�191 (2016).
29Àðóòþíîâ À. À. Ðåäóêöèÿ íåëîêàëüíûõ ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ íà íåêîìïàêòíîì ìíîãîîáðàçèè ê êëàñ-

ñè÷åñêèì ïñåâäîäèôôåðåíöèàëüíûì îïåðàòîðàì íà êîìïàêòíîì ìíîãîîáðàçèè óäâîåííîé ðàçìåðíîñòè. Ìàòåì. çàìåòêè,
97(4): 493�502 (2015).

30 Atiyah M, Patodi V., Singer I. Spectral asymmetry and Riemannian geometry I,II,III // Math. Proc. Cambridge Philos.

Soc., 77: 43�69 (1975), 78: 405�432 (1976), 79: 71�99 (1976).
31 Melrose R. The eta invariant and families of pseudodi�erential operators // Math. Research Letters, 2(5): 541�561 (1995).
32Àãðàíîâè÷ Ì. Ñ., Âèøèê Ì. È. Ýëëèïòè÷åñêèå çàäà÷è ñ ïàðàìåòðîì è ïàðàáîëè÷åñêèå çàäà÷è îáùåãî âèäà. Óñïåõè

ìàòåì. íàóê, 19(3): 53�161 (1964).

5



ñ êîíè÷åñêèìè òî÷êàìè33,34 êàê âêëàä â ôîðìóëó èíäåêñà îò îñîáîé òî÷êè; êðîìå ýòîãî, áûëè
îïðåäåëåíû η-ôîðìû35. Îòìåòèì, ÷òî η-èíâàðèàíòû äëÿ G-îïåðàòîðîâ íå èçó÷àëèñü.

Âî ìíîãèõ çàäà÷àõ âîçíèêàþò ýëëèïòè÷åñêèå óðàâíåíèÿ ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè
íà íåêîìïàêòíûõ ìíîãîîáðàçèÿõ. Â ÷àñòíîñòè, îíè èãðàþò âàæíóþ ðîëü â êâàíòîâîé ìåõàíèêå
è ôèçèêå òâåðäîãî òåëà (ñì., íàïðèìåð, îáçîð36 è ññûëêè â í¼ì), à òàêæå â ãåîìåòðèè è òîïîëî-
ãèè (ñì., íàïðèìåð, ðàáîòû37,38,39). Â òî æå âðåìÿ ðÿä ãåîìåòðè÷åñêèõ çàäà÷ (íàïðèìåð, çàäà÷à
î ãëàäêèõ ñòðóêòóðàõ â (R4)40, çàäà÷à èçó÷åíèÿ ïðîñòðàíñòâ ìîäóëåé ìåòðèê ßìàáå41 è äð.) è
àíàëèçà42,43ïðèâîäÿò ê èçó÷åíèþ îïåðàòîðîâ ñ êîýôôèöèåíòàìè, ïåðèîäè÷åñêèìè íà áåñêîíå÷-
íîñòè (â îòëè÷èå îò ðàññìîòðåííîé âûøå ñèòóàöèè, êîãäà óñëîâèå ïåðèîäè÷íîñòè âûïîëíÿåòñÿ
âñþäó). Â ëèòåðàòóðå ýòà òåîðèÿ íàçûâàåòñÿ ýëëèïòè÷åñêîé òåîðèåé íà ìíîãîîáðàçèÿõ ñ ïåðè-
îäè÷åñêèìè êîíöàìè.

Íà ìíîãîîáðàçèÿõ ñ ïåðèîäè÷åñêèìè êîíöàìè ïîëó÷åíû40,44 êðèòåðèè ôðåäãîëüìîâîñòè äëÿ
îïåðàòîðîâ â ïðîñòðàíñòâàõ Ñîáîëåâà. Ôîðìóëà èíäåêñà äëÿ îïåðàòîðîâ òèïà Äèðàêà íà ìíîãî-
îáðàçèÿõ ñ ïåðèîäè÷åñêèìè êîíöàìè ïîëó÷åíà â ðàáîòå45. Àâòîðû öèòèðîâàííîé ðàáîòû íàøëè
îáîáùåíèå η-èíâàðèàíòà Àòüè�Ïàòîäè�Çèíãåðà, â òåðìèíàõ êîòîðîãî äàíà ôîðìóëà èíäåêñà.
Ñëåäóåò îòìåòèòü, ÷òî ïðîáëåìà èíäåêñà äëÿ ýëëèïòè÷åñêèõ îïåðàòîðîâ îáùåãî âèäà íà ìíîãî-
îáðàçèÿõ ñ ïåðèîäè÷åñêèìè êîíöàìè îñòàåòñÿ îòêðûòîé. Çàäà÷à èçó÷àëàñü â îäíîìåðíîì ñëó÷àå,
ò. å. äëÿ ÏÄÎ íà ïðÿìîé. Â ÷àñòíîñòè, K-ãðóïïà C∗-àëãåáðû ñèìâîëîâ ïñåâäîäèôôåðåíöèàëü-
íûõ îïåðàòîðîâ âû÷èñëåíà â ðàáîòå46, ôîðìóëû èíäåêñà äëÿ íåêîòîðûõ ïðèìåðîâ ïðèâåäåíû â
ðàáîòàõ47,48,49. Îäíàêî ôîðìóëà èíäåêñà äëÿ îáùèõ îïåðàòîðîâ íå áûëà äàíà äàæå â îäíîìåðíîì
ñëó÷àå.

Â G-òåîðèè òàêæå âîçíèêàåò èíòåðåñíûé êëàññ çàäà÷, ãäå â êà÷åñòâå ñäâèãà ðàññìàòðèâàåò-
ñÿ ïðåäñòàâëåíèå ãðóïïû G îãðàíè÷åííûìè îïåðàòîðàìè, äåéñòâóþùèìè â ïðîñòðàíñòâå L2(M)

33 Nazaikinskii V., Savin A., Schulze, B.-W., Sternin B. Elliptic Theory on Singular Manifolds, Boca Raton: CRC-Press, 2005.
34 Fedosov B. V., Schulze B.-W., Tarkhanov N.The Index of Higher Order Operators on Singular Surfaces // The Index of

Higher Order Operators on Singular Surfaces // Paci�c J. of Math., 191(1): 25�48 (1999).
35 Melrose R., Rochon F. Eta forms and the odd pseudodi�erential families index // Surveys in di�erential geometry. Volume

XV. Perspectives in mathematics and physics, 279�322, Surv. Di�er. Geom 15, Int. Press, Somerville, MA (2011).
36 Kuchment P. An Overview of Periodic Elliptic Operators // Bull. Amer. Math. Soc., 53(3): 343�414 (2016).
37 Atiyah M. F. Elliptic operators, discrete groups and von Neumann algebras // Ast�erisque, 32�33: 43�72 (1976).
38 Ìèùåíêî À. Ñ. Áàíàõîâû àëãåáðû, ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû è èõ ïðèëîæåíèÿ êK-òåîðèè // ÓÌÍ, 34(6):

67�79 (1979).
39 Øóáèí Ì. À. Ñïåêòðàëüíàÿ òåîðèÿ è èíäåêñ ýëëèïòè÷åñêèõ îïåðàòîðîâ ñ ïî÷òè-ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè //

ÓÌÍ, 34(2): 95�135 (1979).
40 Taubes C. H. Gauge theory on asymptotically periodic 4-manifolds // J. Di�erential Geom., 25(3): 363�430 (1987).
41 Mazzeo R., Pollack D., Uhlenbeck K. Moduli spaces of singular Yamabe metrics // J. Amer. Math. Soc., 9(2): 303�344

(1996).
42 B�ottcher A., Karlovich Yu. I., Spikovski I. M. Convolution Operators and Factorization of Almost Periodic Matrix Functions,

Birkh�auser, Basel, 2002.
43 Inoue H., Richard S. Index theorems for Fredholm, semi-Fredholm and almost-periodic operators: all in one example // J.

Noncommut. Geom., 13(4): 1359�1380 (2019).
44 Ðàáèíîâè÷ Â. Ñ. Îá àëãåáðå, ïîðîæäåííîé ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè íà Rn , îïåðàòîðàìè óìíîæåíèÿ

íà ïî÷òè-ïåðèîäè÷åñêèå ôóíêöèè è îïåðàòîðàìè ñäâèãà // Äîêë. ÀÍ ÑÑÑÐ, 263(5): 1066�1070 (1982).
45 Mrowka T., Ruberman D., Saveliev N. An index theorem for end-periodic operators // Compositio Math., 152(2): 399�444

(2016).
46 Melo S. T. K-theory of pseudodi�erential operators with semi-periodic symbols // K-theory, 37(3): 235�248 (2006).
47 B�ottcher A., Karlovich Yu. I., Spikovski I. M. Convolution Operators and Factorization of Almost Periodic Matrix Functions,

Birkh�auser, Basel, 2002.
48 Inoue H., Richard S. Index theorems for Fredholm, semi-Fredholm and almost-periodic operators: all in one example // J.

Noncommut. Geom., 13(4): 1359�1380 (2019).
49 Bogveradze G., Castro L. P. On the Fredholm property and index of Wiener-Hopf plus/minus Hankel operators with

piecewise almost periodic symbols // Appl. Math. Inform. Mech., 12(1): 25�40 (2007).
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êàê êâàíòîâàííûå êàíîíè÷åñêèå ïðåîáðàçîâàíèÿ, êîòîðûå ÿâëÿþòñÿ êâàíòîâàíèÿìè îäíîðîäíûõ
êàíîíè÷åñêèõ ïðåîáðàçîâàíèé g : T ∗

0M → T ∗
0M . Îñíîâíîå îòëè÷èå îò ðàññìàòðèâàåìûõ âûøå G-

îïåðàòîðîâ ñîñòîèò â òîì, ÷òî çäåñü îïåðàòîð àññîöèèðîâàí ñ äåéñòâèåì ãðóïïû G íà T ∗
0M (à

íå íà ñàìîì ìíîãîîáðàçèè M). Äàííàÿ ñòðóêòóðà âêëþ÷àåò îïåðàòîðû ñäâèãà êàê ÷àñòíûé
ñëó÷àé, íî òàêæå ïîçâîëÿåò ðàññìîòðåòü ìíîæåñòâî íîâûõ èíòåðåñíûõ ïðèìåðîâ: ãðàíè÷íûå
çàäà÷è äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé óðàâíåíèé ñ êðàåâûìè óñëîâèÿìè íà âñåé ãðàíèöå50,51,
îïåðàòîðû, àññîöèèðîâàííûå ñ âîëíîâîé ãðóïïîé íà ðèìàíîâûõ ìíîãîîáðàçèÿõ, è, íàêîíåö, ìå-
òàïëåêòè÷åñêèå îïåðàòîðû. Äëÿ îïåðàòîðîâ, àññîöèèðîâàííûõ ñ êâàíòîâàííûìè êàíîíè÷åñêèìè
ïðåîáðàçîâàíèÿìè, ïîëó÷åí52 êðèòåðèé ôðåäãîëüìîâîñòè. Îäíàêî îòêðûòîé ïðîáëåìîé ÿâëÿåò-
ñÿ ïîëó÷åíèå ÿâíûõ âûðàæåíèé äëÿ óñëîâèé ýëëèïòè÷íîñòè òàêèõ îïåðàòîðîâ â çàâèñèìîñòè îò
ïîêàçàòåëÿ ãëàäêîñòè ïðîñòðàíñòâ Ñîáîëåâà, â êîòîðûõ îïåðàòîð äåéñòâóåò.

Öåëè è çàäà÷è

Öåëüþ ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ýëëèïòè÷åñêèõG-îïåðàòîðîâ íà íåêîòîðûõ íåêîìïàêòíûõ
ïðîñòðàíñòâàõ è ïîëó÷åíèå ñîîòâåòñòâóþùèõ ôîðìóë èíäåêñà. Áîëåå òî÷íî, â ðàáîòå èçó÷àþò-
ñÿ äèôôåðåíöèàëüíî-ðàçíîñòíûå îïåðàòîðû íà áåñêîíå÷íîì öèëèíäðå. Êîíîðìàëüíûé ñèìâîë
òàêèõ îïåðàòîðîâ íà áåñêîíå÷íîñòè ïðåäñòàâëÿåò ñîáîé ñåìåéñòâî îïåðàòîðîâ ñ ïàðàìåòðîì è
ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè, äëÿ êîòîðûõ íàäî ïî-
ñòðîèòü η-èíâàðèàíò, îòâå÷àþùèé âêëàäó áåñêîíå÷íîñòè â ôîðìóëó èíäåêñà. Òàêæå èçó÷àþòñÿ
îïåðàòîðû íà ïðÿìîé ñ êîýôôèöèåíòàìè, ïåðèîäè÷åñêèìè íà áåñêîíå÷íîñòè. Â ýòîì ñëó÷àå
âîçíèêàåò íåîáõîäèìîñòü ïîñòðîåíèÿ η-èíâàðèàíòà äëÿ îïåðàòîðîâ ñî ñäâèãàìè. Íàêîíåö, èçó-
÷àþòñÿ îïåðàòîðû â RN , àññîöèèðîâàííûå ñ ìåòàïëåêòè÷åñêîé ãðóïïîé. Èíòåðåñ ïðåäñòàâëÿåò
ïîëó÷åíèå ÿâíûõ óñëîâèé ýëëèïòè÷íîñòè, ãàðàíòèðóþùèõ ôðåäãîëüìîâîñòü ðàññìàòðèâàåìîãî
îïåðàòîðà.

Íàó÷íàÿ íîâèçíà

Âñå ðåçóëüòàòû äèññåðòàöèè ÿâëÿþòñÿ íîâûìè. Ïîñòðîåí η-èíâàðèàíò, îáîáùàþùèé η-
èíâàðèàíò Ìåëüðîóçà íà ñëó÷àé îïåðàòîðîâ ñ ïàðàìåòðîì è ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè.
Äëÿ ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ îïåðàòîðîâ íà áåñêîíå÷íîì öèëèíäðå ïîëó-
÷åíà ôîðìóëà èíäåêñà, îáîáùàþùàÿ ôîðìóëó Ôåäîñîâà�Øóëüöå�Òàðõàíîâà íà ñëó÷àé íåëî-
êàëüíûõ îïåðàòîðîâ. Äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà ïðÿìîé ñ ïåðèîäè÷åñêèìè êîýô-
ôèöèåíòàìè ïîñòðîåí η-èíâàðèàíò, à òàêæå ïîëó÷åíà ôîðìóëà èíäåêñà äëÿ îïåðàòîðîâ ñ êîýô-
ôèöèåíòàìè, ïåðèîäè÷åñêèìè íà áåñêîíå÷íîñòè. Íàêîíåö, äëÿ îïåðàòîðîâ â RN , àññîöèèðîâàí-
íûõ ñ ìåòàïëåêòè÷åñêîé ãðóïïîé, ïîëó÷åí ÿâíûé êðèòåðèé ôðåäãîëüìîâîñòè. Óñòàíîâëåííûå
ðåçóëüòàòû îáîáùàþò è ðàñøèðÿþò íåêîòîðûå ðåçóëüòàòû â òåîðèè ýëëèïòè÷åñêèõ îïåðàòîðîâ
íà íåêîìïàêòíûõ ìíîãîîáðàçèÿõ, è ÿâëÿþòñÿ íîâûìè â òåîðèè G-îïåðàòîðîâ.

50 B�ar Ch., Strohmaier A. An index theorem for Lorentzian manifolds with compact spacelike Cauchy boundary // Amer. J.
Math., 290(141): 1421�1455 (2019).

51 Boltachev A.V., Savin A.Yu. Class of Fredholm boundary value problems for the wave equation with conditions on the
entire boundary. // Di�erential equations on manifolds and mathematical physics�dedicated to the memory of Boris Sternin,
48�59, Trends Math., Birkh�auser/Springer, Cham (2021).

52 Savin A., Schrohe E., Sternin B. Elliptic Operators Associated with Groups of Quantized Canonical Transformations //
Bull. Sci. Math., 155: 141�167 (2019).
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Òåîðåòè÷åñêàÿ çíà÷èìîñòü

Ðàáîòà íîñèò òåîðåòè÷åñêèé õàðàêòåð. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû â èñ-
ñëåäîâàíèÿõ ïî òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.

Ìåòîäîëîãèÿ è ìåòîäû èññëåäîâàíèÿ

Â ðàáîòå øèðîêî èñïîëüçóåòñÿ àïïàðàò êëàññè÷åñêèõ ÏÄÎ è ÏÄÎ ñ ïàðàìåòðîì. η-èíâàðèàíò
îïðåäåëÿåòñÿ êàê íåêîòîðàÿ ðåãóëÿðèçàöèÿ ÷èñëà âðàùåíèÿ, ïîñòðîåííàÿ ïðè ïîìîùè êîíå÷íî-
ðàçíîñòíûõ ìåòîäîâ è àñèìïòîòè÷åñêèõ ìåòîäîâ. Ïðè äîêàçàòåëüñòâå òåîðåì îá èíäåêñå èñïîëü-
çóþòñÿ ìåòîäû K-òåîðèè è C∗-àëãåáð, òåîðèè õàðàêòåðèñòè÷åñêèõ êëàññîâ.

Ïîëîæåíèÿ, âûíîñèìûå íà çàùèòó

1) Äëÿ îáðàòèìûõ ñåìåéñòâ îïåðàòîðîâ ñ ïàðàìåòðîì è ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè
íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè ïîñòðîåí η-èíâàðèàíò è óñòàíîâëåíû åãî îñíîâíûå
ñâîéñòâà. Ïîëó÷åíà ôîðìóëà äëÿ ïðîèçâîäíîé η-èíâàðèàíòà.

2) Äëÿ ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ îïåðàòîðîâ íà áåñêîíå÷íîì öèëèíäðå
ïîëó÷åíà ôîðìóëà èíäåêñà, âêëþ÷àþùàÿ η-èíâàðèàíò êàê âêëàä áåñêîíå÷íîñòè.

3) Äëÿ ÏÄÎ íà ïðÿìîé, ïåðèîäè÷åñêèõ íà áåñêîíå÷íîñòè, äàíî ïîíÿòèå η-èíâàðèàíòà, óñòà-
íîâëåíû åãî îñíîâíûå ñâîéñòâà, ïðåäúÿâëåíà ñîîòâåòñòâóþùàÿ ôîðìóëà èíäåêñà. Ïîëó-
÷åíû ôîðìóëû èíäåêñà è η-èíâàðèàíòà äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ â òåðìèíàõ
ñîîòâåòñòâóþùèõ ìàòðèö ìîíîäðîìèè.

4) Èññëåäîâàíû íåëîêàëüíûå îïåðàòîðû â RN , àññîöèèðîâàííûå ñ ìåòàïëåêòè÷åñêîé ãðóï-
ïîé. Äàíû ÿâíûå óñëîâèÿ íà êîýôôèöèåíòû òàêèõ îïåðàòîðîâ, ãàðàíòèðóþùèå ôðåäãîëü-
ìîâîñòü.

Ñòåïåíü äîñòîâåðíîñòè è àïðîáàöèÿ ðåçóëüòàòîâ

Ñòåïåíü äîñòîâåðíîñòè ðåçóëüòàòîâ, ïîëó÷åííûõ â äèññåðòàöèè, îáåñïå÷èâàåòñÿ ñòðîãîñòüþ ïðè-
âåäåííûõ äîêàçàòåëüñòâ, ìíîãî÷èñëåííûìè âûñòóïëåíèÿìè íà ñåìèíàðàõ, êîíôåðåíöèÿõ è øêî-
ëàõ, à òàêæå èìåþùèìèñÿ ïóáëèêàöèÿìè â èçäàíèÿõ, êîòîðûå èíäåêñèðóþòñÿ â ìåæäóíàðîäíûõ
áàçàõ äàííûõ.

Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü íà ñëåäóþùèõ ìåæäóíàðîäíûõ êîíôåðåíöèÿõ:

� Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ñòóäåíòîâ, àñïèðàíòîâ è ìîëîäûõ ó÷¼íûõ �Ëîìî-
íîñîâ�, Ìîñêâà, 10�27 íîÿáðÿ 2020, 12�23 àïðåëÿ 2021, 11�22 àïðåëÿ 2022.

� Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ïîíòðÿãèíñêèå ÷òåíèÿ� â ðàìêàõ Ìåæäóíàðîäíîé Âîðî-
íåæñêîé âåñåííåé øêîëû �Ñîâðåìåííûå ìåòîäû òåîðèè êðàåâûõ çàäà÷� (ÂÂÌØ), Âîðî-
íåæ, 3�9 ìàÿ 2020, 3�9 ìàÿ 2021, 3�9 ìàÿ 2022.

� Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Modern Methods, Problems and Applications of Operator
Theory and Harmonic Analysis� (OTHA), Ðîñòîâ-íà-Äîíó, 22�27 àâãóñòà 2021, 21�26 àâãóñòà
2022.

� Ìåæäóíàðîäíàÿ ñòóäåí÷åñêàÿ êîíôåðåíöèÿ �Science and Progress�, Ñàíêò-Ïåòåðáóðã, 10�12
íîÿáðÿ 2020, 9�11 íîÿáðÿ 2021.

� Ëåòíÿÿ øêîëà ïî ñïåêòðàëüíîé òåîðèè â ðàìêàõ òåìàòè÷åñêîé ïðîãðàììû �Spectral Theory
and Mathematical Physics� (STMP), Ñàíêò-Ïåòåðáóðã, 20�30 èþíÿ 2021.
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� Êðûìñêàÿ Îñåííÿÿ Ìàòåìàòè÷åñêàÿØêîëà-ñèìïîçèóì ïî ñïåêòðàëüíûì è ýâîëþöèîííûì
çàäà÷àì (ÊÐÎÌØ), ïîñ. Ñàòåðà, Êðûì, 17�26 ñåíòÿáðÿ 2021.

� �The 9th International Conference on Di�erential and Functional Di�erential Equations�
(DFDE), Ìîñêâà, 28 èþíÿ � 5 èþëÿ 2022.

Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü íà ñëåäóþùèõ ñåìèíàðàõ:

� Íàó÷íûé ñòóäåí÷åñêèé ñåìèíàð ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì, ðóê. À.Þ. Ñàâèí,
Ï.À. Ñèïàéëî, ÐÓÄÍ (íåîäíîêðàòíî, 2019�2021)

� Îáùåìàòåìàòè÷åñêèé ñåìèíàð ìîëîäûõ ó÷åíûõ Ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Ñ.Ì. Íè-
êîëüñêîãî, ðóê. Þ.Î. Áåëÿåâà, ÐÓÄÍ, 23.03.2021.

� Íàó÷íûé ñåìèíàð Ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Ñ.Ì. Íèêîëüñêîãî ÐÓÄÍ ïî äèôôå-
ðåíöèàëüíûì è ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûì óðàâíåíèÿì, ðóê. À.Ë. Ñêóáà÷åâñêèé,
ÐÓÄÍ, 12.10.2021, 07.06.2022.

� Íàó÷íûé ñåìèíàð �Íåêîììóòàòèâíàÿ ãåîìåòðèÿ è òîïîëîãèÿ�, ðóê. À.Ñ. Ìèùåíêî, È.Ê.
Áàáåíêî, Â.Ì. Ìàíóéëîâ, À.À. Èðìàòîâ, À.À. Àðóòþíîâ, Ô.Þ. Ïîïåëåíñêèé, ÌÃÓ,
17.03.2022.

Ïóáëèêàöèè

Ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 14 ðàáîòàõ, èç íèõ 4 ñòàòüè â íàó÷íûõ æóðíàëàõ,
èíäåêñèðóåìûõ â ìåæäóíàðîäíûõ áàçàõ äàííûõ (Scopus, MathSciNet) è 10 � â òåçèñàõ äîêëà-
äîâ íà ìåæäóíàðîäíûõ êîíôåðåíöèÿõ. Èõ ñïèñîê ïðèâåä¼í â êîíöå àâòîðåôåðàòà. Ðåçóëüòàòû
ñîâìåñòíûõ ðàáîò, âêëþ÷¼ííûå â äèññåðòàöèþ, ïîëó÷åíû àâòîðîì ñàìîñòîÿòåëüíî.

Îñíîâíîå ñîäåðæàíèå ðàáîòû

Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, ÷åòûð¼õ ãëàâ, çàêëþ÷åíèÿ è ñïèñêà ëèòåðàòóðû èç 70
íàèìåíîâàíèé. Îáùèé îáú¼ì äèññåðòàöèè ñîñòàâëÿåò 108 ñòðàíèö.
Ãëàâà 1 ñîñòîèò èç 5 ïàðàãðàôîâ è ïîñâÿùåíà ïîñòðîåíèþ η-èíâàðèàíòà äëÿ îïåðàòîðîâ ñ

ïàðàìåòðîì è ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè.
Â �1.1 íàïîìèíàåòñÿ îïðåäåëåíèå òîïîëîãèè Ôðåøå íà ïðîñòðàíñòâå ïñåâäîäèôôåðåíöèàëü-

íûõ îïåðàòîðîâ ñ ïàðàìåòðîì, ââîäèòñÿ îñíîâíîé îáúåêò èññëåäîâàíèÿ � îïåðàòîðû ñ ïàðàìåò-
ðîì è ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè. Áîëåå òî÷íî, ðàññìàòðèâàåòñÿ ôàêòîðïðîñòðàíñòâî

Φm
p (X) = S

(
Z,Ψm

p (X)
)
/L

ïðîñòðàíñòâà Ôðåøå S
(
Z,Ψm

p (X)
)
áûñòðî óáûâàþùèõ ïîñëåäîâàòåëüíîñòåé îïåðàòîðîâ èç ïðî-

ñòðàíñòâà ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ïàðàìåòðîì Ψm
p (X) ïî çàìêíóòîìó ïîäïðî-

ñòðàíñòâó

L=
{
{Dk(p)} ∈ S

(
Z,Ψ−∞

p (X)
) ∣∣∣ ∑

k

Dk(p)e
2πikp= 0∀p ∈ R

}
.

Ïðîèçâîëüíîìó ýëåìåíòó D = {Dk(p)} ∈ Φm
p (X) ñîïîñòàâèì îïåðàòîð

D(p) =
∑
k

Dk(p)e
2πikp : C∞(X) −→ C∞(X). (3)

Î÷åâèäíî, ÷òî ýòîò îïåðàòîð êîððåêòíî îïðåäåë¼í, ò.å. åñëè D ∈ L, òî D(p) ≡ 0. Äàëåå ýëåìåíòû
ïðîñòðàíñòâà Φm

p (X) áóäåì çàïèñûâàòü â âèäå (3). Ââåä¼ì îáîçíà÷åíèå Φp(X) =
⋃

m∈ZΦ
m
p (X).
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Â �1.2 ââîäèòñÿ ïðîñòðàíñòâî Sas(R) ⊂ C∞(R) ôóíêöèé ñî ñïåöèàëüíîé àñèìïòîòèêîé íà
áåñêîíå÷íîñòè:

f(x) ∼
∑
i≤N

c±i (x)x
i +

N∑
j=0

d±j (x)x
j ln |x| ïðè x → ±∞

äëÿ íåêîòîðîãî N ∈ Z+, ãäå c±i , d
±
j � ãëàäêèå ïåðèîäè÷åñêèå ôóíêöèè ïåðèîäà 1. Ñëåäóþùàÿ

òåîðåìà ïðåäñòàâëÿåò ñîáîé îñíîâíîé òåõíè÷åñêèé ðåçóëüòàò ãëàâû.

Òåîðåìà 1. Îïåðàòîð ðàçíîñòíîãî äèôôåðåíöèðîâàíèÿ

δ : Sas(R) −→ Sas(R)
f(x) 7−→ (δf)(x) = f(x+ 1)− f(x)

êîððåêòíî îïðåäåë¼í è ÿâëÿåòñÿ èçîìîðôèçìîì ëèíåéíûõ ïðîñòðàíñòâ

δ : Sas(R)/ ker δ −→ Sas(R).

Â �1.3 ñòðîèòñÿ ðåãóëÿðèçàöèÿ ñëåäà îïåðàòîðîâ ñ ïàðàìåòðîì è ïåðèîäè÷åñêèìè êîýôôè-
öèåíòàìè.

Îïðåäåëåíèå 2. Ðåãóëÿðèçîâàííûì ñëåäîì îïåðàòîðà ñ ïàðàìåòðîì D(p) ∈ Φm
p (X) íàçûâàåòñÿ

ôóíêöèÿ
(TRD)(p) = δ−ℓ

[
tr(δℓD(p))

]
∈ Sas(R)/P , (4)

ãäå ℓ > m+ dimX, [f(p)] � êëàññ ýêâèâàëåíòíîñòè ôóíêöèè f(p), à

P =

{
f(p) ∈ C∞(R)

∣∣∣∣ ∃N > 0: f(p) =
N∑
j=0

fj(p)p
j

}
.

Â �1.4 ñòðîèòñÿ ðåãóëÿðèçàöèÿ èíòåãðàëà ôóíêöèè èç ïðîñòðàíñòâà Sas(R).

Ïðåäëîæåíèå 3. Ïóñòü f(p) ∈ Sas(R). Òîãäà ïðè T → +∞ ñóùåñòâóåò àñèìïòîòè÷åñêîå
ðàçëîæåíèå

T�

−T

f(p)dp ∼
∑
j≤N

cj(T )T
j +

∑
0≤r≤N

dr(T )T
r lnT , (5)

ãäå cj(T ), dr(T ) � ãëàäêèå ïåðèîäè÷åñêèå ôóíêöèè.

Îïðåäåëåíèå 4. Ðåãóëÿðèçîâàííûì èíòåãðàëîì ôóíêöèè f ∈ Sas(R) áóäåì íàçûâàòü ñðåäíåå
çíà÷åíèå êîýôôèöèåíòà c0(T ) â àñèìïòîòè÷åñêîì ðàçëîæåíèè (5) è áóäåì îáîçíà÷àòü åãî ÷åðåç

 

R

f(p)dp
def
=

1�

0

c0(T )dT. (6)

Ñëåäñòâèå 5. Ôóíêöèîíàë Tr: Φp(X) → C, îïðåäåëÿåìûé ôîðìóëîé

TrD
def
=

 

R

TRD(p)dp,

êîððåêòíî îïðåäåë¼í è ÿâëÿåòñÿ ñëåäîì, ò.å. Tr(AB) = Tr(BA) äëÿ ëþáûõ A,B ∈ Φp(X).

10



Â �1.5 ââîäèòñÿ ïîíÿòèå η-èíâàðèàíòà è äîêàçûâàþòñÿ åãî îñíîâíûå ñâîéñòâà.

Îïðåäåëåíèå 6. Ïóñòü D(p) ∈ Φm
p (X) � îáðàòèìûé ýëåìåíò, ò.å. ñóùåñòâóåò îáðàòíûé ýëåìåíò

D−1(p) ∈ Φ−m
p (X). Òîãäà ÷èñëî

η(D)
def
=

1

2πi
Tr

(
D−1∂pD

)
íàçûâàåòñÿ η-èíâàðèàíòîì îïåðàòîðà ñ ïàðàìåòðîì D(p).

Ïðåäëîæåíèå 7 (Ñâîéñòâà η-èíâàðèàíòà).

1. η-èíâàðèàíò óäîâëåòâîðÿåò ëîãàðèôìè÷åñêîìó ñâîéñòâó:

η(AB) = η(A) + η(B)

äëÿ ëþáûõ îáðàòèìûõ ýëåìåíòîâ A,B ∈ Φp(X);

2. η-èíâàðèàíò (6) ÿâëÿåòñÿ îáîáùåíèåì η-èíâàðèàíòà Ìåëüðîóçà, à èìåííî, åñëè D(p) ∈
Ψp(X) � îáðàòèìûé ÏÄÎ ñ ïàðàìåòðîì, òî

η(D) = ηM(D), ãäå ηM(D) =
1

2πi

 

R

TRM

(
D−1∂pD

)
dp.

Ïðåäëîæåíèå 8. Ïóñòü Dt(p) ∈ Φm
p (X), t ∈ [0, 1] � ãëàäêàÿ ãîìîòîïèÿ ñåìåéñòâ îáðàòèìûõ

îïåðàòîðîâ ñ ïàðàìåòðîì. Òîãäà

1) ïðîèçâîäíàÿ η-èíâàðèàíòà ñåìåéñòâà Dt ïî ïàðàìåòðó t ðàâíà

∂tη(Dt) =
1

2πi
Tr

(
∂p(D

−1
t ∂tDt)

)
;

2) êîìïîçèöèÿ T̃r
def
= Tr ◦ ∂p ÿâëÿåòñÿ ñëåäîì íà àëãåáðå Φp(X), ò.å. T̃r(AB) = T̃r(BA) äëÿ

âñåõ ñåìåéñòâ A,B ∈ Φp(X);

3) äëÿ îïåðàòîðà ñ ïàðàìåòðîì D(p) =
∑

k Dk(p)e
2πikp ∈ Φm

p (X) èìååì

T̃rD(p) =

�

T ∗X

[d0,−n(x, ξ, 1)− d0,−n(x, ξ,−1)]
ωn

n!
, n = dimX, (7)

ãäå (x, ξ) ∈ T ∗X, ω =
∑

dxj ∧ dξj � ñèìïëåêòè÷åñêàÿ ôîðìà íà T ∗X, à d0,j � îäíîðîäíàÿ
êîìïîíåíòà ñòåïåíè j ïîëíîãî ñèìâîëà ÏÄÎ c ïàðàìåòðîì D0(p), ïðè ýòîì èíòåãðàë
â (7) àáñîëþòíî ñõîäèòñÿ.

Ãëàâà 2 ñîñòîèò èç 5 ïàðàãðàôîâ è ïîñâÿùåíà ïðîáëåìå èíäåêñà äèôôåðåíöèàëüíî-
ðàçíîñòíûõ îïåðàòîðîâ íà áåñêîíå÷íîì öèëèíäðå.

Â �2.1 ââîäÿòñÿ îñíîâíûå îïðåäåëåíèÿ è äà¼òñÿ ïîñòàíîâêà çàäà÷è. Íà öèëèíäðåM = S1
x×Rt

ðàññìàòðèâàåòñÿ îïåðàòîð âèäà

D =
∑
k

DkT
k : Hs,γ−,γ+

(M,CN) −→ Hs−m,γ−,γ+

(M,CN), (8)

ãäåDk � ìàòðè÷íûé äèôôåðåíöèàëüíûé îïåðàòîð ïîðÿäêà≤ m íàM , T ku(x, t) = u(x, t−2πk)�
îïåðàòîð ñäâèãà ïî ïåðåìåííîé t, à Hs,γ−,γ+

(M) � âåñîâîå ïðîñòðàíñòâî Ñîáîëåâà. Ïðè ýòîì ìû
ïðåäïîëàãàåì, ÷òî òîëüêî êîíå÷íîå ÷èñëî ñëàãàåìûõ â ñóììå (8) íå ðàâíî íóëþ, à êîýôôèöèåíòû
îïåðàòîðà Dk íå çàâèñÿò îò t ïðè áîëüøèõ t.
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Îïðåäåëåíèå 9. Âíóòðåííèì ñèìâîëîì îïåðàòîðà (8) â òî÷êå (x, t, ξ, p) ∈ T ∗
0M = {(x, t, ξ, p) |

ξ2 + p2 ̸= 0} êîêàñàòåëüíîãî ðàññëîåíèÿ áåç íóëåâîãî ñå÷åíèÿ íàçûâàåòñÿ îïåðàòîð

σ(D)(x, t, ξ, p) =
∑
k

σ(Dk)(x, t+ 2πn, ξ, p)T k : ℓ2(Z, µ)⊗ CN −→ ℓ2(Z, µ)⊗ CN , (9)

ãäå σ(Dk) � ãëàâíûé ñèìâîë îïåðàòîðà Dk, T w(n) = w(n − 1) � îïåðàòîð ñäâèãà ïîñëåäîâà-
òåëüíîñòè. Íàêîíåö

ℓ2(Z, µ)=

{
w(n)

∣∣∣ ∑
n

|w(n)|2µ(n) < ∞

}
, ãäå âåñ µ(n) =

{
e−2γ+n ïðè n ≥ 1,

e−2γ−n ïðè n ≤ −1.
(10)

Îïðåäåëåíèå 10. Êîíîðìàëüíûì ñèìâîëîì îïåðàòîðà (8) íàçûâàåòñÿ ïàðà
(
σ+
c (D), σ−

c (D)
)

îïåðàòîðîâ ñ ïàðàìåòðîì è ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè:

σ±
c (D)(p) =

∑
k

D±
k (p)e

ikp : Hs(S1,CN) −→ Hs−m(S1,CN). (11)

Îòìåòèì, ÷òî îïåðàòîðû ñ ïàðàìåòðîì σ±
c (D)(p) ∈ Φp(S1) ðàññìàòðèâàëèñü â ãëàâå 1 â ñëó÷àå

1-ïåðèîäè÷åñêèõ êîýôôèöèåíòîâ (ñì. (3)).

Îïðåäåëåíèå 11. Îïåðàòîð (8) íàçûâàåòñÿ ýëëèïòè÷åñêèì, åñëè

1) îïåðàòîð (9) îáðàòèì ïðè âñåõ (x, t, ξ, p) ∈ T ∗
0M ;

2) îïåðàòîðû (11) îáðàòèìû íà âåñîâûõ ïðÿìûõ Lγ± = {p ∈ C | Im p = γ±}.

Èç ýëëèïòè÷íîñòè îïåðàòîðà (8) ñëåäóåò åãî ôðåäãîëüìîâîñòü.
Â �2.2 îïðåäåëÿåòñÿ òîïîëîãè÷åñêèé èíäåêñ çàäà÷è. Äàëåå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà-

÷åíèÿ:

� σ � âíóòðåííèé ñèìâîë îïåðàòîðà (8) (ñì. (9));

� σ±
c � êîíîðìàëüíûå ñèìâîëû îïåðàòîðà (8) íà ïëþñ è ìèíóñ áåñêîíå÷íîñòè (ñì. (11));

� M0 = S1 × [0, 2π] ⊂ M � ôóíäàìåíòàëüíàÿ îáëàñòü äåéñòâèÿ ãðóïïû Z íà M ;

� Ω∗(S∗M0,B(ℓ2(Z, µ) ⊗ CN)
)
� àëãåáðà äèôôåðåíöèàëüíûõ ôîðì íà êîñôåðè÷åñêîì ðàñ-

ñëîåíèè S∗M0 ⊂ S∗M ñî çíà÷åíèÿìè â àëãåáðå îãðàíè÷åííûõ îïåðàòîðîâ â ïðîñòðàíñòâå
ℓ2(Z, µ)⊗ CN ;

� d � ïðîäîëæåíèå âíåøíåãî äèôôåðåíöèàëà íà S∗M0 íà óêàçàííóþ àëãåáðó äèôôåðåíöè-
àëüíûõ ôîðì.

Îïðåäåëèì ôóíêöèîíàë

τS∗M : Ω∗(S∗M0,B(ℓ2(Z, µ)⊗ CN)
)
−→ C, ω 7−→

�

S∗M0

Trω,

ãäå Tr � îïåðàòîðíûé ñëåä, îïðåäåë¼ííûé íà èäåàëå ôîðì ñî çíà÷åíèÿìè â ÿäåðíûõ îïåðàòîðàõ.
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Îïðåäåëåíèå 12. Ïîëíûì ñèìâîëîì ñåìåéñòâà σ+
c (p) íàçûâàåòñÿ ôóíêöèÿ

σ̃(σ+
c ) =

∑
k∈Z

σ̃(D+
k )z

k ∈ MatN
(
C∞(

S1
φ, Sρ(S1

x × R2
ξ,ρ)

))
,

ãäå σ̃(D+
k ) � ïîëíûé ñèìâîë ñåìåéñòâà D+

k (p), z = eiφ ∈ S1
φ, à Sρ(S1

x × R2
ξ,ρ) � ïðîñòðàíñòâî

Ôðåøå êëàññè÷åñêèõ ñèìâîëîâ ñ ïàðàìåòðîì.

Îïðåäåëèì ôóíêöèîíàë τS1×R íà àëãåáðå MatN (C∞(S1, Sρ(S1 × R2))):

τS1×R (σ̃) =
1

2π

�

S1×R

tr

 2π�

0

σ−1

∣∣∣ρ=1

ρ=−1
dφ

 dxdξ,

ãäå σ̃ = σ̃(σ+
c ), σj = σ̃j(σ

+
c ) � j-àÿ êîìïîíåíòà ïîëíîãî ñèìâîëà êîíîðìàëüíîãî ñèìâîëà σ+

c .
Àíàëîãè÷íûå îáîçíà÷åíèÿ ââîäÿòñÿ äëÿ ñåìåéñòâà σ−

c .

Îïðåäåëåíèå 13. η-èíâàðèàíòîì ýëëèïòè÷åñêîãî ñåìåéñòâà σc(p) âèäà (11), îáðàòèìîãî ïðè
Im p = γ, íàçûâàåòñÿ ÷èñëî

ηγ(σc) =
1

2πi

 

R

TR
(
σ−1
c (ρ+ iγ)∂ρσc(ρ+ iγ)− iγ∂ρ

(
σ−1
c (ρ+ iγ)∂ρσc(ρ+ iγ)

))
dρ,

ãäå TR � ðåãóëÿðèçîâàííûé ñëåä (4), à
�
R � ðåãóëÿðèçîâàííûé èíòåãðàë (6) â ñëó÷àå 2π-

ïåðèîäè÷åñêèõ ôóíêöèé.

Â òåðìèíàõ ââåä¼ííûõ âûøå ôóíêöèîíàëîâ ïðåäúÿâëÿåòñÿ ôîðìóëà èíäåêñà � îñíîâíîé
ðåçóëüòàò äàííîé ãëàâû:

Òåîðåìà 14. Èíäåêñ ýëëèïòè÷åñêîãî îïåðàòîðà (8) ðàâåí

indγ−,γ+

D =
1

24π2
τS∗M

(
(σ−1dσ)3

)
+ ηγ+(σ+

c )− ηγ−(σ−
c )+

+
1

4π2i
τS1×R

(
i

2
σ−1
− ∂ξσ−σ

−1
− ∂xσ− + σ−1

− σm−1,−

)
−

− 1

4π2i
τS1×R

(
i

2
σ−1
+ ∂ξσ+σ

−1
+ ∂xσ+ + σ−1

+ σm−1,+

)
, (12)

ãäå σ± = σ̃m(σ
±
c ) � ãëàâíûå ñèìâîëû êîíîðìàëüíûõ ñèìâîëîâ σ±

c , à σm−1,± � êîìïîíåíòû
ñòåïåíè m− 1 ïîëíûõ ñèìâîëîâ êîíîðìàëüíûõ ñèìâîëîâ σ±

c .

Ïðàâóþ ÷àñòü â (12) áóäåì íàçûâàòü òîïîëîãè÷åñêèì èíäåêñîì.
Â �2.3 äîêàçûâàåòñÿ ãîìîòîïè÷åñêàÿ èíâàðèàíòíîñòü òîïîëîãè÷åñêîãî èíäåêñà.
Â �2.4 ïðåäúÿâëåíû âñïîìîãàòåëüíûå ðåçóëüòàòû î ñâåäåíèè ðàññìàòðèâàåìûõ îïåðàòîðîâ ê

îïåðàòîðàì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ïðè ïîìîùè ãîìîòîïèè, èãðàþùèå âàæíóþ ðîëü
â äîêàçàòåëüñòâå òåîðåìû 14.

Íàêîíåö, â �2.5 ïðåäñòàâëåíî äîêàçàòåëüñòâî òåîðåìû 14.
Ãëàâà 3 ñîñòîèò èç 5 ïàðàãðàôîâ è ïîñâÿùåíà ïðîáëåìå èíäåêñà äèôôåðåíöèàëüíûõ îïåðà-

òîðîâ íà ïðÿìîé ñ êîýôôèöèåíòàìè, ïåðèîäè÷åñêèìè íà áåñêîíå÷íîñòè.
Â �3.1 ââîäèòñÿ ïðîñòðàíñòâî ïåðèîäè÷åñêèõ ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ:
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Îïðåäåëåíèå 15. Ïðîñòðàíñòâîì Ψm
per ïåðèîäè÷åñêèõ ÏÄÎ ïîðÿäêà ≤ m íàçûâàåòñÿ ïðî-

ñòðàíñòâî îïåðàòîðîâ âèäà

D =
∑
k∈Z

Dk(−i∂t)e
ikt : S(R) −→ S(R).

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî ýëåìåíòû Dk(−i∂t) ∈ Ψm èç ïðîñòðàíñòâà ÏÄÎ ïîðÿäêà m áûñòðî
ñòðåìÿòñÿ ê íóëþ â ñëåäóþùåì ñìûñëå: ïðè çàäàííûõ k ∈ Z è N ≥ 1 ñïðàâåäëèâà îöåíêà

∥Dk(−i∂t)∥ℓ ≤ CℓN(1 + |k|)−N ,

ãäå ∥ · ∥ℓ � ïðîèçâîëüíàÿ ïîëóíîðìà â ïðîñòðàíñòâå Ôðåøå Ψm.

Â �3.2 ââîäèòñÿ ïîíÿòèå ðåãóëÿðèçîâàííîãî ñëåäà. Îïðåäåëèì îïåðàòîð óñðåäíåíèÿ
Av: Ψper −→ Ψ, ãäå Ψper =

⋃
m Ψm

per, à Ψ =
⋃

m Ψm, äåéñòâóþùèé ïî ôîðìóëå

Av: D 7−→ 1

2π

2π�

0

TφDT−φdφ, ãäå Tφu(t) = u(t− φ).

Ëåììà 16. Äëÿ ôóíêöèîíàëà α : Ψ−1 −→ C, D(−i∂t) 7−→
 

R

D(p)dp, ãäå D(p) = FD(−i∂t)F−1,

èìååò ìåñòî ðàâåíñòâî

α
(
D(−i∂t)

)
=

√
2π lim

t→0

[
KD(t, 0) +KD(−t, 0)

2
− c1(ln |t|+ γ)

]
.

Çäåñü KD(t, t
′) � ÿäðî Øâàðöà îïåðàòîðà D(−i∂t), c1 = lim

t→0
(KD(t, 0)/ ln |t|), γ =

lim
n→∞

(∑n
k=1

1
/
k − lnn

)
� êîíñòàíòà Ýéëåðà, à

�
R � ðåãóëÿðèçîâàííûé èíòåãðàë (6).

Ïðåäëîæåíèå 17. Ôóíêöèîíàë Tr
def
= α ◦ Av: Ψ−1

per → C ÿâëÿåòñÿ ñëåäîì. Áîëåå òî÷íî, äëÿ
âñåõ òàêèõ A,B ∈ Ψper, ÷òî ordA+ ordB ≤ −1, âûïîëíÿåòñÿ ñëåäóþùåå ðàâåíñòâî:

Tr(AB) = Tr(BA).

Â �3.3 ââîäèòñÿ ïîíÿòèå η-èíâàðèàíòà, äîêàçûâàþòñÿ åãî îñíîâíûå ñâîéñòâà.

Îïðåäåëåíèå 18. Ïóñòü D ∈ Ψm
per ⊗MatN � îáðàòèìûé ìàòðè÷íûé îïåðàòîð. Ïðåäïîëîæèì,

÷òî ñóùåñòâóåò îáðàòíûé îïåðàòîð D−1 ∈ Ψ−m
per ⊗ MatN . Òîãäà η-èíâàðèàíòîì îïåðàòîðà D

íàçûâàåòñÿ ÷èñëî

η(D)
def
= − 1

2π
Tr(D−1[t,D]).

Ïðåäëîæåíèå 19. η-èíâàðèàíò (18) îáëàäàåò ëîãàðèôìè÷åñêèì ñâîéñòâîì

η(AB) = η(A) + η(B)

äëÿ âñåõ îáðàòèìûõ îïåðàòîðîâ A,B ∈ Ψper ⊗MatN .
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Ïðåäëîæåíèå 20. Ïóñòü Dε ∈ Ψm
per ⊗MatN , ε ∈ [0, 1] � ãëàäêàÿ ãîìîòîïèÿ îáðàòèìûõ îïå-

ðàòîðîâ. Òîãäà ïðîèçâîäíàÿ η-èíâàðèàíòà Dε ïî ïåðåìåííîé ε ðàâíà

∂εη(Dε) =
1

4π2i

2π�

0

tr
[
σ−1
+ (Dε)∂εσ+(Dε)− σ−1

− (Dε)∂εσ−(Dε)
]
dφ,

ãäå σ±(D)(φ) =
∑

k∈Z σ±
(
Dk(−i∂t)

)
eikφ � ñèìâîë îïåðàòîðà D, σ±

(
Dk(−i∂t)

)
=

limp→±∞ |p|−mDk(p), φ ∈ [0, 2π].

Äàëåå â êà÷åñòâå ïðèìåðà ïðèâåäåíî âû÷èñëåíèå η-èíàðèàíòà äëÿ ïåðèîäè÷åñêîãî îïåðàòîðà
ïåðâîãî ïîðÿäêà. Ïóñòü

D = −i∂t + a(t) : Hs(R) −→ Hs−1(R), (13)

ãäå a(t) � ãëàäêàÿ 2π-ïåðèîäè÷åñêàÿ êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ.

Ïðåäëîæåíèå 21. 1. Îïåðàòîð (13) îáðàòèì òîãäà è òîëüêî òîãäà, êîãäà Im

� 2π

0

a(t)dt ̸= 0.

2. η-èíâàðèàíò îáðàòèìîãî îïåðàòîðà (13) ðàâåí η(D) = −1

2
sgn Im

� 2π

0

a(t)dt.

Â �3.4 ïðåäúÿâëåíû êðèòåðèè îáðàòèìîñòè ïåðèîäè÷åñêèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ
ïðîèçâîëüíîãî ïîðÿäêà è ôîðìóëà èíäåêñà äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ ïåðèîäè÷åñêèìè
íà áåñêîíå÷íîñòè êîýôôèöèåíòàìè â òåðìèíàõ ìàòðèö ìîíîäðîìèè ïðåäåëüíûõ îïåðàòîðîâ.

Ðàññìîòðèì ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè (ïå-
ðèîä ðàâåí 2π)

D =
∑

0≤k≤n

dk(t)(−i∂t)
k : Hs(R,CN) −→ Hs−n(R,CN). (14)

Ïðåäëîæåíèå 22. Äèôôåðåíöèàëüíûé îïåðàòîð (14) îáðàòèì òîãäà è òîëüêî òîãäà, êîãäà
SpecM ∩S1

λ = ∅. Çäåñü SpecM ⊂ C � ñïåêòð ìàòðèöû ìîíîäðîìèè M , à S1
λ = {λ ∈ C : |λ| = 1}.

Ïóñòü êîýôôèöèåíòû äèôôåðåíöèàëüíîãî îïåðàòîðà ïîðÿäêà n

D =
∑

0≤k≤n

dk(t)(−i∂t)
k : Hs(R,CN) −→ Hs−n(R,CN) (15)

ñóòü ãëàäêèå ïåðèîäè÷åñêèå ôóíêöèè ñ ïåðèîäîì 2π ïðè |t| > T . Îáîçíà÷èì

d±k (t) = lim
j→+∞

dk(t± 2πj), D± =
∑
k

d±k (t)(−i∂t)
k.

Òåîðåìà 23. Ïóñòü ãëàâíûé ñèìâîë îïåðàòîðà (15) îáðàòèì, à îïåðàòîðû
D+, D− : H

s(R,CN) → Hs−n(R,CN) îáðàòèìû. Òîãäà îïåðàòîð (15) ÿâëÿåòñÿ ôðåäãîëüìîâûì
è åãî èíäåêñ ðàâåí

indD =
1

2

(
signM− − signM+

)
.

Çäåñü M± � ìàòðèöû ìîíîäðîìèè îïåðàòîðîâ D±, à signM = #{|λM | > 1} −#{|λM | < 1}, ãäå
λM ïðîáåãàåò ìíîæåñòâî SpecM , åñòü ñèãíàòóðà ìàòðèöû M .
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Â �3.5 â êà÷åñòâå ïðèìåðå âû÷èñëÿåòñÿ èíäåêñ îïåðàòîðà ïåðâîãî ïîðÿäêà íà ïðÿìîé.
Ãëàâà 4 ñîñòîèò èç 3 ïàðàãðàôîâ è ïîñâÿùåíà ýëëèïòè÷åñêèì îïåðàòîðàì â RN , àññîöèèðî-

âàííûì ñ ìåòàïëåêòè÷åñêîé ãðóïïîé.
Â �4.1 ïðèâîäÿòñÿ ïðåäâàðèòåëüíûå ñâåäåíèÿ î ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðàõ Øó-

áèíà â RN , ìåòàïëåêòè÷åñêèõ îïåðàòîðàõ, à òàêæå ñòðîÿòñÿ ýðãîäè÷åñêèå ìåðû íà ñôåðå.
Â �4.2 ââîäÿòñÿ äâó÷ëåííûå îïåðàòîðû, àññîöèèðîâàííûå ñ ìåòàïëåêòè÷åñêîé ãðóïïîé, è

îïðåäåëÿåòñÿ ñèìâîë òàêèõ îïåðàòîðîâ:

D = D0 +D1Φ: Hs(RN) −→ Hs−d(RN), (16)

ãäå D0 è D1 � ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû ïîðÿäêà d íà RN , à Φ = Φ(S) � ìåòàïëåê-
òè÷åñêèé îïåðàòîð, àññîöèèðîâàííûé ñ ñèìïëåêòè÷åñêîé ìàòðèöåé S = πMp(Φ) ∈ Sp(N).

Îïðåäåëåíèå 24. Òðàåêòîðíûì ñèìâîëîì σtr(D) îïåðàòîðà (16) íàçûâàåòñÿ îïåðàòîðíîçíà÷-

íàÿ ôóíêöèÿ σtr(D)(x, ξ) : ℓ2(Z, µx,ξ,s) → ℓ2(Z, µx,ξ,s−d), íà R2N
0

def
= R2N\{0}, çàäàííàÿ äëÿ êàæäîãî

(x, ξ) ∈ R2N
0 ôîðìóëîé[

σtr(D)(x, ξ)
]
w(n) = σ(D0)

(
Sn(x, ξ)

)
w(n) + σ(D1)

(
Sn(x, ξ)

)
w(n− 1).

Çäåñü ïðîñòðàíñòâî ℓ2(Z, µx,ξ,s) îïðåäåëåíî ôîðìóëîé (10) äëÿ âåñà

µx,ξ,s(n) = |Sn(x, ξ)|2s, n ∈ Z.

Îïðåäåëåíèå 25. Îïåðàòîð (16) íàçûâàåòñÿ ýëëèïòè÷åñêèì, åñëè åãî òðàåêòîðíûé ñèìâîë
σtr(D) îïðåäåëÿåò îáðàòèìûé îïåðàòîð äëÿ âñåõ (x, ξ) ∈ R2N

0 .

Îñíîâíîé ðåçóëüòàò ãëàâû � ÿâíûå êðèòåðèè ôðåäãîëüìîâîñòè ðàññìàòðèâàåìûõ îïåðàòîðîâ.

Òåîðåìà 26. 1. Ïóñòü îïåðàòîð (16) ýëëèïòè÷åí. Òîãäà îí ôðåäãîëüìîâ.

2. Ïóñòü äëÿ îïåðàòîðà (16) äåéñòâèå ãðóïïû Z íà S2N−1, èíäóöèðîâàííîå ìàòðèöåé S =
πMp(Φ), òîïîëîãè÷åñêè ñâîáîäíî. Â ýòîì ñëó÷àå îïåðàòîð ÿâëÿåòñÿ ôðåäãîëüìîâûì, åñëè
âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

(a) σ(D0)(x, ξ) ̸= 0 äëÿ âñåõ (x, ξ) ∈ S2N−1 è

Mµ

(
σ(D0)(x, ξ)

)
> Mµ

(
|S−1(x, ξ)|−sσ(D1)(x, ξ)

)
∀ µ ∈ MeasS(S2N−1);

(b) σ(D1)(x, ξ) ̸= 0 äëÿ âñåõ (x, ξ) ∈ S2N−1 è

Mµ

(
σ(D0)(x, ξ)

)
< Mµ

(
|S−1(x, ξ)|−sσ(D1)(x, ξ)

)
∀ µ ∈ MeasS(S2N−1).

Çäåñü Mµ(a) = exp
(�

S2N−1 ln |a(ω)|dµ(ω)
)
, à ÷åðåç MeasS(S2N−1) îáîçíà÷åíî ìíîæåñòâî

âñåõ íîðìèðîâàííûõ S-èíâàðèàíòíûõ ýðãîäè÷åñêèõ ìåð íà S2N−1.

Íàêîíåö, â �4.3 â êà÷åñòâå ïðèìåðà äàíû ÿâíûå óñëîâèÿ ôðåäãîëüìîâîñòè äâó÷ëåííûõ îïå-
ðàòîðîâ, àññîöèèðîâàííûõ ñ ñèìïëåêòè÷åñêîé ìàòðèöåé ñïåöèàëüíîãî âèäà.
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Çàêëþ÷åíèå

Îñíîâíûå ðåçóëüòàòû ðàáîòû çàêëþ÷àþòñÿ â ñëåäóþùåì.

1. Äëÿ îáðàòèìûõ îïåðàòîðîâ ñ ïàðàìåòðîì è ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè íà ãëàä-
êîì çàìêíóòîì ìíîãîîáðàçèè ââåäåíî ïîíÿòèå η-èíâàðèàíòà, óñòàíîâëåíû åãî îñíîâíûå
ñâîéñòâà. Äëÿ ãëàäêèõ ãîìîòîïèé ñåìåéñòâ ïîëó÷åíà ôîðìóëà ïðîèçâîäíîé η-èíâàðèàíòà.

2. Äëÿ ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ îïåðàòîðîâ íà áåñêîíå÷íîì öèëèíäðå
ïîëó÷åíà ôîðìóëà èíäåêñà. Áîëåå òî÷íî, ïîëó÷åíî âûðàæåíèå àíàëèòè÷åñêîãî èíäåêñà â
òåðìèíàõ âíóòðåííåãî è êîíîðìàëüíûõ ñèìâîëîâ íà áåñêîíå÷íîñòè, ïîñëåäíèå ïðè ýòîì
ïðåäñòàâëÿþò ñîáîé îïåðàòîðû ñ ïàðàìåòðîì è ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè.

3. Äëÿ îïåðàòîðîâ íà ïðÿìîé, ïåðèîäè÷åñêèõ íà áåñêîíå÷íîñòè, ââåäåíî ïîíÿòèå η-
èíâàðèàíòà, óñòàíîâëåíû åãî îñíîâíûå ñâîéñòâà, âûðàæåíà åãî ñâÿçü ñ η-èíâàðèàíòîì
ñîîòâåòñòâóþùèõ îïåðàòîðîâ ñ ïàðàìåòðîì. Óñòàíîâëåíà ôîðìóëà èíäåêñà â ñëó÷àå äèô-
ôåðåíöèàëüíûõ îïåðàòîðîâ â òåðìèíàõ ìàòðèö ìîíîäðîìèè ïðåäåëüíûõ îïåðàòîðîâ íà
áåñêîíå÷íîñòè. Ïîëó÷åíî âûðàæåíèå äëÿ η-èíâàðèàíòà ÷åðåç ñïåêòð ìàòðèöû ìîíîäðî-
ìèè.

4. Äëÿ îïåðàòîðîâ â RN , àññîöèèðîâàííûõ ñ ìåòàïëåêòè÷åñêîé ãðóïïîé, ïîëó÷åíû ÿâíûå
óñëîâèÿ ýëëèïòè÷íîñòè, ãàðàíòèðóþùèå ôðåäãîëüìîâîñòü îïåðàòîðà, â òåðìèíàõ ýðãî-
äè÷åñêèõ ìåð, â çàâèñèìîñòè îò ïîêàçàòåëÿ ãëàäêîñòè ïðîñòðàíñòâ Ñîáîëåâà, â êîòîðûõ
îïåðàòîð äåéñòâóåò.

Â çàêëþ÷åíèå àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü è áîëüøóþ ïðèçíàòåëüíîñòü íàó÷íî-
ìó ðóêîâîäèòåëþ Ñàâèíó À.Þ. çà ïîñòàíîâêó çàäà÷è, ïîääåðæêó è âíèìàíèå ê ðàáîòå. Òàêæå
àâòîð áëàãîäàðèò Ñèïàéëî Ï.À. çà ïîìîùü è ïëîäîòâîðíûå îáñóæäåíèÿ â õîäå ðàáîòû íàä äèñ-
ñåðòàöèåé. Àâòîð ÿâëÿåòñÿ ïîáåäèòåëåì êîíêóðñà �Ìîëîäàÿ ìàòåìàòèêà Ðîññèè� è âûðàæàåò
áëàãîäàðíîñòü åãî ñïîíñîðàì è æþðè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ:
ñîãëàøåíèå � 075-03-2020-223/3 (FSSF-2020-0018).
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Êîíñòàíòèí Íèêîëàåâè÷ Æóéêîâ

Îá èíäåêñå ýëëèïòè÷åñêèõ îïåðàòîðîâ, àññîöèèðîâàííûõ ñ ãðóïïàìè
ñäâèãîâ

Â äèññåðòàöèîííîé ðàáîòå èññëåäóþòñÿ íåëîêàëüíûå ýëëèïòè÷åñêèå îïåðàòîðû íà íåêîìïàêò-
íûõ ìíîãîîáðàçèÿõ. Áîëåå òî÷íî, äëÿ äèôôåðåíöèàëüíî-ðàçíîñòíûõ îïåðàòîðîâ íà áåñêîíå÷-
íîì öèëèíäðå ïîëó÷åíà ôîðìóëà èíäåêñà â òåðìèíàõ âíóòðåííåãî è êîíîðìàëüíîãî ñèìâîëîâ
ðàññìàòðèâàåìîãî îïåðàòîðà íà áåñêîíå÷íîñòè. Êîíîðìàëüíûé ñèìâîë ïðåäñòàâëÿåò ñîáîé ñå-
ìåéñòâî îïåðàòîðîâ ñ ïàðàìåòðîì íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè. Äëÿ òàêèõ ñåìåéñòâ
ââåäåíî ïîíÿòèå η-èíâàðèàíòà, óñòàíîâëåíû åãî îñíîâíûå ñâîéñòâà è ïîëó÷åíà ôîðìóëà äëÿ
ïðîèçâîäíîé η-èíâàðèàíòà ãëàäêîé ãîìîòîïèè ñåìåéñòâ îïåðàòîðîâ ñ ïàðàìåòðîì. Ïîñòðîåííûé
η-èíâàðèàíò âûðàæàåò âêëàä áåñêîíå÷íîñòè â ôîðìóëó èíäåêñà. Äàëåå ðàññìîòðåíû ïñåâäîäèô-
ôåðåíöèàëüíûå îïåðàòîðû íà ïðÿìîé, ïåðèîäè÷åñêèå íà áåñêîíå÷íîñòè, äëÿ êîòîðûõ îïðåäåë¼í
η-èíâàðèàíò è óñòàíîâëåíà ôîðìóëà èíäåêñà. Òàêæå èññëåäîâàíû îïåðàòîðû â RN , àññîöèèðî-
âàííûå ñ ìåòàïëåêòè÷åñêîé ãðóïïîé. Ïîëó÷åíû ÿâíûå êðèòåðèè ôðåäãîëüìîâîñòè òàêèõ îïåðà-
òîðîâ â òåðìèíàõ ñèìïëåêòè÷åñêèõ ìàòðèö, îòâå÷àþùèõ ìåòàïëåêòè÷åñêèì îïåðàòîðàì.

Konstantin Nikolaevich Zhuikov

On the index of elliptic operators associated with groups of shifts

The dissertation is devoted to nonlocal elliptic operators on noncompact manifolds. More precisely,
for di�erential-di�erence operators on an in�nite cylinder, an index formula is obtained in terms of the
interior and the conormal symbols of the operator in question at in�nity. The conormal symbol is a
family of parameter-dependent operators on a smooth closed manifold. For such families, the concept
of η-invariant is introduced, its main properties are established, and a formula for the derivative of
the η-invariant of a smooth homotopy of families in question is obtained. The constructed η-invariant
expresses the contribution of in�nity to the index formula. Next, we consider di�erential operators on
the real line, periodic at in�nity, for which the η-invariant is de�ned and an index formula is obtained.
Finally, the operators in RN associated with the metaplectic group are studied. Explicit criteria for
the Fredholmness of such operators are obtained in terms of the symplectic matrices corresponding
to the metaplectic operators.
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