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Ââåäåíèå

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ è ñòåïåíü åå ðàçðàáîòàííîñòè.

Â ïîñëåäíèå äåñÿòèëåòèÿ ðîññèéñêèå è çàðóáåæíûå ìàòåìàòèêè àêòèâíî èçó-

÷àþò ïðîñòðàíñòâà òèïà Ìîððè è èõ ñâîéñòâà. Îäíèì èç íàïðàâëåíèé èññëåäî-

âàíèé ÿâëÿåòñÿ ïðèáëèæåíèå öåëûìè ôóíêöèÿìè.

Ïóñòü n ∈ N, ν > 0. Ôóíêöèÿ g : Cn → C íàçûâàåòñÿ öåëîé ôóíêöèåé

ýêñïîíåíöèàëüíîãî òèïà ν, åñëè âûïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà:

1) îíà ðàçëàãàåòñÿ â ñòåïåííîé ðÿä äëÿ ëþáûõ z = (z1, ..., zn) ∈ Cn: äëÿ

íåêîòîðûõ ak1,...,kn ∈ C

g(z) =
∞∑
k1=0

· · ·
∞∑

kn=0

ak1,...,knz
k1
1 . . . zknn

äëÿ ëþáûõ z1, ..., zn ∈ C,

2) ∀ε > 0 ∃Aε > 0 òàêîå, ÷òî äëÿ âñåõ z ∈ Cn âûïîëíÿåòñÿ íåðàâåíñòâî

|g(z)| ≤ Aεe
(ν+ε)(|z1|+|z2|+···+|zn|).

Îáîçíà÷èì ÷åðåç Eν(Cn) ìíîæåñòâî âñåõ öåëûõ ôóíêöèè ýêñïîíåíöèàëüíîãî

òèïà ν è ïóñòü Eν(Rn) � ýòî ìíîæåñòâî âñåõ ôóíêöèé g, çàäàííûõ íà Rn, äëÿ

êàæäîé èç êîòîðûõ g(x) = G(x+ iy)|y=0, x ∈ Rn, äëÿ íåêîòîðé ôóíêöèè G ∈

Eν(Cn).

Â äàëüíåéøåì ìû âñåãäà ñ÷èòàåì, ÷òî ν > 0, íå îãîâàðèâàÿ ýòîãî â êàæäîì

óòâåðæäåíèè.

Ïóñòü 1 ≤ p ≤ ∞. Ïîëîæèì Mν,p(Rn) = Eν(Rn) ∩ Lp(Rn), ãäå Lp(Rn) �

ïðîñòðàíñòâî Ëåáåãà âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé f , äëÿ êîòîðûõ

∥f∥Lp(Rn) =
(∫

Rn

|f(x)|pdx
) 1

p

<∞,
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ïðè 1 ≤ p <∞ è

∥f∥L∞(Rn) = ess sup
x∈Rn

|f(x)| <∞,

ïðè p = ∞.

Â [34] è [36] äîêàçàíû ñëåäóþùèå íåðàâåíñòâà äëÿ öåëûõ ôóíêöèè ýêñïî-

íåíöèàëüíîãî òèïà g ∈ Mν,p(Rn). (Ïîäðîáíîå èçëîæåíèå â êíèãå [36].)

1. (Íåðàâåíñòâî Áåðíøòåéíà) Ïóñòü 1 ≤ p ≤ ∞, òîãäà äëÿ ëþáîé ôóíêöèÿ

g ∈ Mν,p(Rn) âûïîëíÿþòñÿ íåðàâåíñòâà∥∥∥∥ ∂g∂xj
∥∥∥∥
Lp(Rn)

≤ ν∥g∥Lp(Rn), j = 1, . . . , n. (1)

2. (Íåðàâåíñòâî ðàçíûõ ìåòðèê) Ïóñòü 1 ≤ p ≤ q ≤ ∞, òîãäà äëÿ ëþáîé

ôóíêöèè g ∈ Mν,p(Rn) âûïîëíÿåòñÿ íåðàâåíñòâî

∥g∥Lq(Rn) ≤ 2nνn(
1
p−

1
q )∥g∥Lp(Rn). (2)

3. (Íåðàâåíñòâî ðàçíûõ èçìåðåíèé) Ïóñòü m,n ∈ N, 1 ≤ p ≤ ∞, 1 ≤ m < n,

x = (u, v), u = (x1, . . . , xm) ∈ Rm, v = (xm+1, . . . , xn) ∈ Rn−m, òîãäà äëÿ

ëþáîé ôóíêöèè g ∈ Mν,p(Rn) èìååò ìåñòî íåðàâåíñòâî∥∥∥∥∥g(u, v)∥L∞,v(Rn−m)

∥∥∥∥
Lp,u(Rm)

≤ 2n−mν
n−m

p ∥g∥Lp(Rn), (3)

â ÷àñòíîñòè,

∥g(u, 0)∥Lp(Rm) ≤ 2n−mν
n−m

p ∥g∥Lp(Rn).

Ïóñòü n ∈ N, µ ∈ N0. Îáîçíà÷èì ÷åðåç M∗
µ ìíîæåñòâî âñåõ òðèãîíîìåòðè-

÷åñêèõ ìíîãî÷ëåíîâ ïîðÿäêà, íå ïðåâûøàþùåãî µ ïî êàæäîé ïåðåìåííîé

Tµ(x) = Tµ(x1, . . . , xn) =
∑

−µ≤kj≤µ
j=1,...,n

ckje
ik·x
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=
∑

−µ≤k1≤µ

· · ·
∑

−µ≤kn≤µ

ck1,...,kne
i(k1x1+...knxn),

ãäå x1, . . . , xn ∈ R, ck1,...,kn ∈ C� ïîñòîÿííûå êîýôôèöèåíòû, òàêèå ÷òî c−k = c̄k

(ïðè ýòîì Tµ(x) ∈ R äëÿ ëþáîãî x ∈ Rn).

Ïóñòü äàëåå 1 ≤ p ≤ ∞. Ñíàáäèì ëèíåéíîå ïðîñòðàíñòâî M∗
µ íîðìîé

∥f∥∗Lp
= ∥f∥Lp(Q(0,π)) <∞,

ãäå Q(x, r) = {y ∈ Rn : |xj − yj| < r, j = 1, . . . , n}. Îáîçíà÷èì ïîëó÷èâøååíñÿ

íîðìèðîâàííîå ïðîñòðàíñòâî ÷åðåç M∗
µ,p.

Â êíèãå [36] äîêàçàíû ñëåäóþùèå íåðàâåíñòâà äëÿ òðèãîíîìåòðè÷åñêèõ ìíî-

ãî÷ëåíîâ Tµ ∈ M∗
µ,p = M∗

µ ∩ (Lp)
∗.

1. (Íåðàâåíñòâî Áåðíøòåéíà) Ïóñòü 1 ≤ p ≤ ∞, òîãäà äëÿ ëþáûõ òðèãîíî-

ìåòðè÷åñêèõ ìíîãî÷ëåíîâ Tµ ∈ M∗
µ,p âûïîëíÿåòñÿ íåðàâåíñòâî∥∥∥∥∂Tµ∂xj

∥∥∥∥∗
Lp

≤ µ∥Tµ∥∗Lp
, j = 1, . . . , n. (4)

2. (Íåðàâåíñòâî ðàçíûõ ìåòðèê) Ïóñòü 1 ≤ p < q ≤ ∞, òîãäà äëÿ ëþáûõ

òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ Tµ ∈ M∗
µ,p âûïîëíÿåòñÿ íåðàâåíñòâî

∥Tµ∥∗Lq
≤ 3nµn(

1
p−

1
q )∥Tµ∥∗Lp

. (5)

3. (Íåðàâåíñòâî ðàçíûõ èçìåðåíèé) Ïóñòü 1 ≤ p ≤ ∞ , 1 ≤ m < n ,

x = (u, v), u = (x1, . . . , xm) ∈ Rm, v = (xm+1, . . . , xn) ∈ Rn−m, òîãäà

äëÿ ëþáîûõ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ Tµ ∈ M∗
µ,p âûïîëíÿåòñÿ

íåðàâåíñòâî ∥∥∥∥∥Tµ(u, v)∥L∞,v(Rn−m)

∥∥∥∥∗
Lp,u

≤ 3n−mµ
n−m

p ∥Tµ∥∗Lp
, (6)

â ÷àñòíîñòè,

∥Tµ(u, 0)∥∗Lp
≤ 3n−mµ

n−m
p ∥Tµ∥∗Lp

. (7)
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Íåðàâåíñòâà (5) - (7) áûëè äîêàçàíû â êíèãå [36] ñ ïîìîùüþ ýêâèâàëåíòíîé

íîðìû ((Tµ))
∗
Lp
, îïðåäåëÿåìîé ñëåäóþùèì îáðàçîì: ïóñòü

1 ≤ p ≤ ∞, xki = ki
2π

N
,N ∈ N, ki ∈ 1, . . . , N, i = 1, . . . , n

((Tµ))
∗
Lp

= max
u∈Q(0,π)

((
2π

N

)n N∑
k1=1

· · ·
N∑

kn=1

|Tµ(xk1 − u1, . . . , xkn − un)|p
) 1

p

.

Íåðàâåíñòâà (5) - (7) ìîæíî òàêæå äîêàçàòü, èñïîëüçóÿ ïðåäñòâëåíèÿ òðè-

ãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ â âèäå ñâåðòêè åãî ñ íåêîòîðûì ÿäðîì, ñì., íà-

ïðèìåð, êíèãó [21], ãäå èñïîëüçóåòñÿ ïðåäñòàâëåíèå â âèäå ñâåðòêè ñ ÿäðîì

Âàëëå-Ïóññåííà Vµ:

Tµ = Vµ ∗ Tµ.

Ïóñòü 1 ≤ p, θ ≤ ∞, l ∈ N. Ãîâîðÿò, ÷òî ôóíêöèÿ f ïðèíàäëåæèò ïðîñòðàí-

ñòâó Ñîáîëåâà W l
p(Rn), åñëè f èçìåðèìà íà Rn è

∥f∥W r
p,θ(Rn) = ∥f∥Lp(Rn) + ∥f∥wl

p(Rn) <∞,

ãäå

∥f∥wl
p(Rn) = sup

h̸=0,h∈Rn

∥∆l
hf∥Lp(Rn)

|h|l

è

∆hf = f(x+ h)− f(x),

∆α
hf = ∆h(∆

α−1
h f), ∆0

hf = f, ∆1
hf = ∆hf.

Ïðèâåäåíèå âûøå íåðàâåíñòâà (1), (2),(3),(4),(5) è (6) èãðàþò âàæíóþ ðîëü

ïðè èçó÷åíèè òàê íàçûâàåìûõ ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà.

Ïóñòü 1 ≤ p, θ ≤ ∞, α ∈ N, α > r > 0. Ãîâîðÿò, ÷òî ôóíêöèÿ f ïðè-

íàäëåæèò ïðîñòðàíñòâó Íèêîëüñêîãî-Áåñîâà Br
p,θ(Rn), åñëè f èçìåðèìà íà Rn

è
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∥f∥Br
p,θ(Rn) = ∥f∥Lp(Rn) + ∥f∥brp,θ(Rn) <∞,

ãäå

∥f∥brp,θ(Rn) =
(∫
Rn

(∥∆α
hf∥Lp(Rn)

|h|r
)θ dh

|h|n
) 1

θ

.

Â ÷àñòíîñòè, ãîâîðÿò ÷òî ôóíêöèÿ ïðèíàäëåæèò ïðîñòðàíñòâó Íèêîëüñêîãî

f ∈ Hr
p(Rn), åñëè f èçìåðèìà íà Rn è

∥f∥Hr
p(Rn) = ∥f∥Lp(Rn) + ∥f∥hrp,(Rn) <∞,

ãäå

∥f∥hrp(Rn) = sup
h̸=0,h∈Rn

∥∆α
hf∥Lp(Rn)

|h|r
.

Ïðîñòðàíñòâà Íèêîëüñêîãî-Áåñîâà Br
p,θ(Rn), ïðè θ = ∞ áûëè ââåäåíû Ñ.Ì.

Íèêîëüñêèì, à ïðè θ <∞ Î.Â. Áåñîâûì. Òåîðèÿ ýòèõ ïðîñòðàíñòâ ïîäîáíî èç-

ëîæåíà â êíèãàõ [24] è [36]. Ïðîñòðàíñòâà Br
p,θ(Rn) õàðàêòåðèçóþòñÿ ïàðàìåò-

ðàìè p , θ è r, êîòîðûå îïðåäåëÿþò èíòåãðèðóåìîñòü è ãëàäêîñòü ôóíêöèé. Îíè

èìåþò ïðÿìóþ ñâÿçü ñ ïðîñòðàíñòâàìè Ñîáîëåâà, à èìåííî, ïðè p = 2, θ = 2

è l ∈ N, ïðîñòðàíñòâà Íèêîëüñêîãî-Áåñîâà Bl
2,2(Rn) ñîâïàäàþò ñ ïðîñòðàíñòâ

Ñîáîëåâà W l
2(Rn). Â îáùåì ñëó÷àå 1 ≤ p, θ ≤ ∞

Bl
p,θ1

(Rn) ⊂W l
p(Rn) ⊂ Bl

p,θ2
(Rn),

ãäå θ1 = min{p, 2}, θ2 = max{p, 2}, ïðè÷åì ïðè p ̸= 2 âêëþ÷åíèÿ ñòðîãèå.

Êðîìå òîãî, äëÿ ëþáîãî ε > 0

Bl+ε
p,θ1

(Rn) ⊂W l
p(Rn) ⊂ Bl

p,θ2
(Rn),

â ÷àñòíîñòè,

H l+ε
p (Rn) ⊂ W l

p(Rn) ⊂ H l
p(Rn).
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Ïî ñðàâíåíèþ ñ ïðîñòðàíñòâîì Ñîáîëåâà, ïðîñòðàíñòâà Íèêîëüñêîãî-Áåñîâà

ïðåäîñòàâëÿþò áîëåå òîíêóþ îñíîâó äëÿ àíàëèçà ôóíêöèé ñ ðàçëè÷íûìè ñòå-

ïåíÿìè ãëàäêîñòè. Êëþ÷åâîé îñîáåííîñòüþ ïðîñòðàíñòâ Br
p,θ(Rn) ÿâëÿåòñÿ òîò

ôàêò, ÷òî îíè ìîãóò áûòü îïðåäåëåíû ñ ïîìîùüþ íåñêîëüêèõ ýêâèâàëåíòíûõ

íîðì (ñì, íàïðèìåð [36]). Îäíà èç òàêèõ íîðì îïðåäåëÿåòñÿ ñ ïîìîùüþ íàèëó÷-

øèõ ïðèáëèæåíèé öåëûìè ôóíêöèÿìè ýêñïîíåíöèàëüíîãî òèïà.

Îáîçíà÷èì ÷åðåç Eν(f)Lp(Rn) íàèëó÷øåå ïðèáëèæåíèå öåëûìè ôóíêöèÿìè

ýêñïîíåíöèàëüíîãî òèïà:

Eν(f)Lp(Rn) = inf
Qν∈Eν

∥f −Qν∥Lp(Rn).

Ïóñòü 1 ≤ p, θ ≤ ∞, r > 0. Ãîâîðÿò, ÷òî ôóíêöèÿ ïðèíàäëåæèò ïðîñòðàíñòâó

Íèêîëüñêîãî-Áåñîâà f ∈ Br
p,θ(Rn), åñëè äëÿ íåêîòîðîãî a > 1

∥f∥Br
p,θ(Rn) =

( ∞∑
s=0

arθsEθ
as(f)Lp(Rn)

)1/θ

<∞.

Îáîçíà÷èì ÷åðåç gas öåëóþ ôóíêöèþ ýêñïîíåíöèàëüíîãî òèïà as òàêóþ, ÷òî

∥f − gas∥ ≤ 2Eas(f)Lp(Rn), s = 0, 1, . . .

è ïîëîæèì

Qa0 = ga0, Qas = gas − gas−1, s = 0, 1, . . . .

Åùå îäíà ýêâèâàëåíòíàÿ íîðìà èìååò ñëåäóþùèé âèä.

Ïóñòü 1 ≤ p, θ ≤ ∞, r > 0. Ãîâîðÿò, ÷òî ôóíêöèÿ ïðèíàäëåæèò ïðîñòðàí-

ñòâó Íèêîëüñêîãî-Áåñîâà f ∈ Br
p,θ(Rn), åñëè äëÿ íåêîòîðîãî a > 1

∥f∥Br
p,θ(Rn) = inf

( ∞∑
s=0

arθs∥Qas∥θLp(Rn)

)1/θ

<∞, (8)

ãäå f ïðåäñòàâèìà â âèäå ðÿäà

f =
∞∑
s=0

Qas(x), x ∈ Rn, (9)
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÷ëåíû êîòîðîãî öåëûå ôóíêöèè ýêñïîíåíöèàëüíîãî òèïà as, à èíôèìóì áåðåòñÿ

ïî âñåì ðàçëîæåíèÿì (9).

Â ïåðèîäè÷åñêîì ñëó÷àå àíàëîãîì ýòîãî îïðåäåëåíèÿ ÿâëÿåòñÿ ñëåäóþùèå

îïðåäåëåíèå.

Ïóñòü 1 ≤ p, θ ≤ ∞, r > 0. Ãîâîðÿò, ÷òî ôóíêöèÿ ïðèíàäëåæèò ïåðèîäè÷å-

ñêîìó ïðîñòðàíñòâó Íèêîëüñêîãî-Áåñîâà (Br
p,θ)

∗(Rn) åñëè

∥f∥∗Br
p,θ

= inf

( ∞∑
k=0

2rθk∥T2k∥∗
θ

Lp

)1/θ

, (10)

ãäå f ïðåäñòàâèìà â âèäå ðÿäà

f =
∞∑
k=0

T2k(x), x ∈ Rn, (11)

÷ëåíû êîòîðîãî òðèãîíîìåòðè÷åñêèå ìíîãî÷ëåíû ïîðÿäêà íå âûøå 2k, à èí-

ôèìóì áåðåòñÿ ïî âñåì ðàçëîæåíèÿì (11).

Äâóìÿ âàæíûìè ðåçóëüòàòàìè òåîðèè ïðîñòðàíñòâà Íèêîëüñêîãî-Áåñîâà ÿâ-

ëÿþòñÿ òåîðåìà âëîæåíèÿ è òåîðåìà î ñëåäàõ.

Ïóñòü Z1, Z2- íîðìèðîâàííûå ïðîñòðàíñòâà. Ãîâîðÿò, ÷òî Z1 íåïðåðûâíî âëî-

æåíî â Z2(êðàòêî Z1 → Z2), åñëè Z1 ⊂ Z2 è ñóùåñòâóåò c > 0 òàêîå, ÷òî

∥f∥Z2
≤ c∥f∥Z1

,

äëÿ âñåõ f ∈ Z1.

Òåîðåìà âëîæåíèÿ ðàçíûõ ìåòðèê äëÿ ïðîñòðàíñòâàõ Íèêîëüñêîãî-Áåñîâà

èìååò ñëåäóþùèé âèä:

Br
p,θ(Rn) → Br′

q,θ(Rn),

ãäå

1 ≤ p < q ≤ ∞, 1 ≤ θ ≤ ∞, r′ = r − n
(1
p
− 1

q

)
> 0,
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òî åñòü, Br

p,θ(Rn) ⊂ Br′

q,θ(Rn) è ñóùåñòâóåò c > 0 òàêîå, ÷òî

∥f∥Br′
q,θ(Rn) ≤ c∥f∥Br

p,θ(Rn),

äëÿ ëþáûõ f ∈ Br
p,θ(Rn).

Ïðÿìàÿ òåîðåìà î ñëåäàõ (òåîðåìà âëîæåíèÿ ðàçíûõ èçìåðåíèé) îïèñûâà-

åò ïîâåäåíèå ôóíêöèé èç ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà ïðè èõ ñóæåíèè íà

ïîäïðîñòðàíñòâà ìåíüøåé ðàçìåðíîñòè.

Ïóñòü f ∈ Lloc1 (Rn) è g ∈ Lloc1 (Rm). Ôóíêöèÿ g íàçûâàåòñÿ ñëåäîì ôóíêöèè

f , åñëè ñóùåñòâóåò ôóíêöèÿ h, ýêâèâàëåíòíàÿ f íà Rn, òàêàÿ, ÷òî h(·, v) ñõîäèòñÿ

ê g(·) â Lloc1 (Rm), ïðè v ñòðåìÿùåìñÿ ê 0.

Òåîðåìà î ñëåäàõ äëÿ ïðîñòðàíñòâàõ Íèêîëüñêîãî-Áåñîâà óñòàíàâëèâàåò

ñâÿçü ìåæäó ôóíêöèåé f ∈ Br
p,θ(Rn), çàäàííîé íà n-ìåðíîì ïðîñòðàíñòâå, è

åå ñëåäîì íà m-ìåðíîì ïðîñòðàíñòâå Rm,

Br
p,θ(Rn) → Br′

p,θ(Rm), (12)

ãäå

1 ≤ p, θ ≤ ∞, 1 ≤ m < n, r′ = r − n−m

p
> 0.

Óòâåðæäàåòñÿ, ÷òî åñëè r − n−m
p > 0, òî ôóíêöèÿ f ∈ Br

p,θ(Rn) èìååò ñëåä

f |Rm íà Rm, ïðèíàäëåæàùèé ïðîñòðàíñòâó B
r−n−m

p

p,θ (Rm) è âûïîëíÿåòñÿ íåðàâåí-

ñòâî

∥f |Rm∥
B

r−n−m
p

p,θ (Rm)
≤ c∥f∥Br

p,θ(Rn),

ãäå > 0 íå çàâèñèò îò f . Òåîðåìà âëîæåíèÿ ðàçíûõ èçìåðåíèé äëÿ ïðîñòðàíñòâà

Br
p,θ îáðàòèìà, òî åñòü ñïðàâåäëèâà îáðàòíàÿ òåîðåìàî ñëåäàõ

Br′

p,θ(Rm) → Br
p,θ(Rn), (13)
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÷òî îçíà÷àåò, ÷òî äëÿ ëþáîé ôóíêöèè f ∈ Br

p,θ(Rm) ñóùåñòâóåò ôóíêöèÿ F ∈

Br
p,θ(Rn) òàêîå, ÷òî F |Rm = f, ïðè÷åì

||F ||Br
p,θ(Rn) ≤ c||f ||Br

p,θ(Rm),

ãäå c > 0 íå çàâèñèò îò f . Òåîðåìû (12) è (13) äàþò ïîëíîå îïèñàíèå ïðîñòðàí-

ñòâà ñëåäîâ íà Rm ôóíêöèé èç ïðîñòðàíñòâà Br
p,θ(Rn), òî åñòü

TrRmBr
p,θ(Rn) = {f |Rm : f ∈ Br

p,θ(Rn)} = Br′

p,θ(Rm).

Äëÿ ïðîñòðàíñòâà (Br
p,θ)

∗(Rn) ñïðàâåäëèâû òåîðåìû, àíàëîãè÷íûå òåîðåìàì

(12) è (13).

Â ðåçóëüòàòå èçó÷åíèÿ ýòèõ ïðîñòðàíñòâ Î.Â. Áåñîâûì áûëî äîêàçàíî, ÷òî

ïðîñòðàíñòâà Íèêîëüñêîãî-Áåñîâà ÿâëÿþòñÿ ñëåäàìè ïðîñòðàíñòâ Ñîáîëåâà, òî

åñòü åñëè f ïðèíàäëåæèò ïðîñòðàíñòâó Ñîáîëåâà W l
p(Rn), òî ñóùåñòâóåò ñëåä

g â B
l−n−m

p
p,p (Rm), à òàêæå îáðàòíàÿ òåîðåìà î ñëåäàõ (òåîðåìà î ïðîäîëæåíèè),

óòâåðæäàþùàÿ, ÷òî åñëè g ïðèíàäëåæèò B
l−n−m

p
p,p (Rm), òî ñóùåñòâóåò ôóíêöèÿ

f â W l
p(Rn), òàêàÿ, ÷òî f |Rm = g, òî åñòü

TrRmW
l
p(Rn) = {f |Rm : f ∈ W l

p(Rn)} = B
l−n−m

p
p,p (Rm).

Ïóñòü 0 < p ≤ ∞ è 0 ≤ λ ≤ n
p , òîãäà f ∈Mλ

p (Rn), åñëè

f ∈ Llocp (Rn)

è

∥f∥Mλ
p (Rn) = sup

x∈Rn

sup
r>0

r−λ∥f∥Lp(B(x,r)) <∞.

Ïðåäïîëîæåíèå 0 ≤ λ ≤ n
p ñâÿçàíî ñ òåì. ÷òî ïðè λ < 0 è ïðè λ > n

p ýòè

ïðîñòðàíñòâà òðèâèàëüíû, òî åñòü ñîñòîÿò òîëüêî èç ôóíêöèé, ýêâèâàëåíòûõ

íóëþ íà Rn. Î÷åâèäíî, ÷òî M0
p (Rn) = Lp(Rn). Åñëè 0 < λ ≤ n

p , òî

Lp(Rn) ̸⊂Mλ
p (Rn) ̸⊂ Lp(Rn),
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ïîýòîìó íàðÿäó ñ ïðîñòðàíñòâàìè Mλ

p (Rn) ïîëåçíî ðàññìîòðåíèå ïðîñòðàíñòâ

M̂λ
p (Rn) =Mλ

p (Rn)
⋂
Lp(Rn).

Ïîäðîáíîå èçëîæåíèå ñâîéñòâ ýòèõ ïðîñòðàíñòâ áóäåò äàíî â ñëåäóþùåé ãëà-

âå. Ïðîñòðàíñòâà Mλ
p (Rn), íàçûâàåìûå òåïåðü ïðîñòðàíñòâàìè Ìîððè áûëè â

ïåðâûå ðàñìîòðåíû ×àðëüç Ìîððè [13] â 1938 ãîäó â ñâÿçû ñ èññëåäîâàíèåì ðå-

ãóëÿðíîñòü ðåøåíèé äèôôåðåíöàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.

Èõ ïåðèîäè÷åñêèé àíàëîã áûë ðàññìîòðåí â [26].

Èíòåðåñ ê ýòèì ïðîñòðàíñòâàì âîçðîñ, êîãäà îí óñòàíîâèë ñëåäóþùóþ òå-

ïåðü õîðîøî èçâåñòíóþ ëåììó.

Ëåììà Ìîððè. Ïóñòü ôóíêöèÿ u ∈ Lp(Rn), ∇u ∈Mλ
p (Rn), ãäå n

p−1 < λ < n
p .

Òîãäà ôóíêöèÿ u ýêâèâàëåíòíî ôóíêöèè ũ ∈ Cα(Rn) ñ ïîêàçàòåëåì α = 1−n−λp
p ,

ãäå Cα(Rn) ïðîñòðàíñòâî Ã¼ëüäåðà, ò.å. ñóùåñòâóåò c > 0 òàêîå, ÷òî ∀x, y ∈ Rn

|ũ(x)− ũ(y)| ≤ c|x− y|α.

Â ïîñëåäíåå âðåìÿ áîëüøîå âíèìàíèå óäåëÿåòñÿ èçó÷åíèþ áîëåå îáùèõ ïðî-

ñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-Ìîððè, ïîëó÷àåìûõ, åñëè â îïðåäåëåíèè ïðî-

ñòðàíñòâ Íèêîëüñêîãî-Áåñîâà áàçîâîå ïðîñòðàíñòâî Lp(Rn) çàìåíåíî íà ïðî-

ñòðàíñòâî ÌîððèMλ
p (Rn). Ïîäðîáíîå èçëîæåíèå ðåçóëüòàòîâ ïîëó÷åííûõ ê íà-

ñòîÿùåìó âðåìåíè äëÿ ýòèõ ïðîñòðàíñòâ ìîæíî íàéòè â îáçîðíûõ ñòàòüÿõ [3],

[4], [8], [10],[15], [19], [20]. Ïðè ýòîì ïðîñòðàíñòâà Íèêîëüñêîãî-Áåñîâà-Ìîððè

ñòðîèëèñü ñ èñïîëüçîâàíèåì ðàçëè÷íûõ ýêâèâàëåíòíûõ íîðì â ïðîñòðàíñòâàõ

Íèêîëüñêîãî-Áåñîâà.

Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ èíòåãðàëüíûõ íåðàâåíñòâ â ïðî-

ñòðàíñòâàõ Ìîððè äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà è òðèãîíîìåò-

ðè÷åñêèõ ìíîãî÷ëåíîâ èõ ïðèëîæåíèÿì ê ïðîñòðàíñòâó Íèêîëüñêîãî-Áåñîâà.
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Ñòåïåíü åå ðàçðàáîòàííîñòè.

Oáåñïå÷èâàåòñÿ ñòðîãîñòüþ ïðèâåäåííûõ äîêàçàòåëüñòâ, âûñòóïëåíèÿìè íà

íàó÷íûõ ñåìèíàðàõ, êîíôåðåíöèÿõ è øêîëàõ, à òàêæå èìåþùèìèñÿ ïóáëèêà-

öèÿìè â ðåöåíçèðóåìûõ èçäàíèÿõ, êîòîðûå èíäåêñèðóþòñÿ ìåæäóíàðîäíûìè

áàçàìè äàííûõ.

Öåëè è çàäà÷è.

Öåëüþ íàñòîÿùåé äèññåðòàöèè ÿâëÿåòñÿ äîêàçàòåëüñòâî àíàëîãîâ íåðà-

âåíñòâ Áåðíøòåéíà, íåðàâåíñòâà ðàçíûõ ìåòðèê è íåðàâåíñòâà ðàçíûõ èçìå-

ðåíèé äëÿ ïðîñòðàíñòâ Ìîððè (ãë. 1), àíàëîãîâ íåðàâåíñòâ Áåðíøòåéíà, íåðà-

âåíñòâà ðàçíûõ ìåòðèê è íåðàâåíñòâà ðàçíûõ èçìåðåíèé äëÿ ïåðèîäè÷åñêèõ

ïðîñòðàíñòâ Ìîððè (ãë. 2) è äîêàçàòåëüñòâî òåîðåìû âëîæåíèÿ è òåîðåì î ñëå-

äàõ äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-Ìîððè, ïîñòðîåííûõ, èñõîäÿ èç îïðå-

äåëåíèÿ íîðìû (8) â íåïåðèîäè÷åñêîì ñëó÷àå (ãë. 3) è ïîñòðîåííûõ èñõîäÿ èç

îïðåäåëåíèÿ íîðìû (10) ïåðèîäè÷åñêîì ñëó÷àå (ãë. 4).

Íàó÷íàÿ íîâèçíà.

Â äàííîé ðàáîòå

1) ïîëó÷åíû èíòåãðàëüíûå íåðàâåíñòâà äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëü-

íîãî òèïà è òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ äëÿ ïðîñòðàíñòâ Ìîððè, âêëþ-

÷àÿ àíàëîãè íåðàâåíñòâ Áåðíøòåéíà, íåðàâåíñòâà ðàçíûõ ìåòðèê è íåðàâåíñòâà

ðàçíûõ èçìåðåíèé.

2) íà îñíîâå ïðèìåíåíèÿ äîêàçàííûõ íåðàâåíñòâ óñòàíîâëåíû òåîðåìû âëî-

æåíèÿ è òåîðåìû î ñëåäàõ äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-Ìîððè è èõ

ïåðèîäè÷åñêèõ àíàëîãîâ.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü.

Ðåçóëüòàòû ðàáîòû íîñÿò òåîðåòè÷åñêèé õàðàêòåð. Ïîëó÷åííûå ðåçóëüòàòû:
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Èíòåãðàëüíûå íåðàâåíñòâà äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà è òðè-

ãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ â ïðîñòðàíñòâàõ Ìîððè è òåîðåìû âëîæåíèÿ è

òåîðåìû î ñëåäàõ äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-Ìîððè è èõ àíàëîãè äëÿ

ïåðèîäè÷åñêèõ ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-Ìîððè ìîãóò íàéòè ïðèìåíå-

íèå â çàäà÷àõ òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.

Ìåòîäîëîãèÿ è ìåòîäû èññëåäîâàíèÿ.

Èññëåäîâàíèÿ îñíîâûâàþòñÿ íà îáùèõ ìåòîäàõ ôóíêöèîíàëüíîãî àíàëèçà

è íà ìåòîäàõ, èñïîëüçóåìûõ â òåîðåìû ïðèáëèæåíèé ñ ïîìîùüþ öåëûõ ôóíê-

öèé ýêñïîíåíöèàëüíîãî òèïà è èõ ïåðèîäè÷åñêèõ àíàëîãîâ òðèãîíîìåòðè÷åñêèõ

ìíîãî÷ëåíîâ. Ýòè ìåòîäû íàäëåæàùèì îáðàçîì ìîäèôèöèðóþòñÿ è ðàçâèâàþò-

ñÿ òàê, ÷òîáû èõ ìîæíî áûëî ïðèìåíèòü ê ðàññìàòðèâàåìûì â äèññåðòàöèîííîé

ðàáîòå äëÿ ïðîñòðàíñòâ Ìîððè.

Ïîëîæåíèÿ, âûíîñèìûå íà çàùèòó

1. Óñòàíîâëåíû íåðàâåíñòâà Áåðíøòåéíà â ïðîñòðàíñòâàõ Ìîððè äëÿ öåëûõ

ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà è òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ.

2. Óñòàíîâëåíû íåðàâåíñòâà ðàçíûõ ìåòðèê â ïðîñòðàíñòâàõ Ìîððè äëÿ öå-

ëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà è òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëå-

íîâ.

3. Óñòàíîâëåíû íåðàâåíñòâà ðàçíûõ èçìåðåíèé â ïðîñòðàíñòâàõ Ìîððè äëÿ

öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà è òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëå-

íîâ.

4. Óñòàíîâëåíû òåîðåìû âëîæåíèÿ äëÿ ïðîñòðàíñòâà Íèêîëüñêîãî-Áåñîâà-

Ìîððè è èõ ïåðèîäè÷åñêèå àíàëîãè.
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5. Óñòàíîâëåíû òåîðåìû î ñëåäàõ äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-

Ìîððè è èõ ïåðèîäè÷åñêèå àíàëîãè.

Ñòåïåíü äîñòîâåðíîñòè

Äîñòîâåðíîñòü ïîëó÷åííèõ ðåçóëüòàòîâ îáåñïå÷èâàåòñÿ ñòðîãîñòüþ ïðîâå-

äåííûõ äîêàçàòåëüñòâ, âûñòóïëåíèÿìè íà íàó÷íûõ ñåìèíàðàõ, êîíôåðåíöèÿõ è

øêîëàõ, à òàêæå èìåþùèìèñÿ ïóáëèêàöèÿìè â ðåöåíçèðóåìûõ èçäàíèÿõ, êîòî-

ðûå èíäåêñèðóþòñÿ ìåæäóíàðîäíûìè áàçàìè äàííûõ.

Àïðîáàöèÿ ðåçóëüòàòîâ

Ðåçóëüòàòû, ïîëó÷åííûå â ðàìêàõ ðàáîòû íàä äèññåðòàöèåé, íåîäíîêðàòíî

èçëàãàëèñü íà íàó÷íîì ñåìèíàðå Ìàòåìàòè÷åñêîãî èíñòèòóòà ÐÓÄÍ ïî ôóíê-

öèîíàëüíîìó àíàëèçó è åãî ïðèëîæåíèÿì ïîä ðóêîâîäñòâîì ïðîôåññîðîâ Â. È.

Áóðåíêîâà è Ì.Ë. Ãîëüäìàía; íà íàó÷íîì ñåìèíàðå Ìàòåìàòè÷åñêîãî èíñòèòóòà

ÐÓÄÍ ïî äèôôåðåíöèàëüíûì è ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûì óðàâíå-

íèÿì ïîä ðóêîâîäñòâîì ïðîôåññîðà À.Ë. Ñêóáà÷åâñêîãî; íà íàó÷íîì cåìèíàðe

ïî òåîðèè ôóíêöèé ìíîãèõ äåéñòâèòåëüíûõ ïåðåìåííûõ è åå ïðèëîæåíèÿì ê

çàäà÷àì ìàòåìàòè÷åñêîé ôèçèêè â Ìàòåìàòè÷åñêîì èíñòèòóòå ÐÀÍ èì. Â.À.

Ñòåêëîâà (ñåìèíàð Íèêîëüñêîãî, ðóêîâîäèòåëü ÷ëåí-êîððåñïîíäåíò ÐÀÍ Î.Â.

Áåñîâ); íà íàó÷íî-èññëåäîâàòåëüñêîì ñåìèíàðå ïî ìàòåìàòè÷åñêîìó àíàëèçó â

ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà, ôàêóëüòåò ÂÌÊ, ïîä ðóêîâîäñòâîì ïðîôåññîðîâ

Ã.Ã. Áðàé÷åâà, È.Â. Òèõîíîâà è Â.Á. Øåðñòþêîâà; íà ñåìèíàðå ¾Çàäà÷è äèô-

ôåðåíöèàëüíûõ óðàâíåíèé, àíàëèçà è óïðàâëåíèÿ: òåîðèÿ è ïðèëîæåíèÿ¿ ÌÃÓ

èì. Ì. Â. Ëîìîíîñîâà, ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò ïîä ðóêîâîäñòâîì

ïðîôåññîðîâ À.Â. Ãîðøêîâà, Ì.È. Çåëèêèíà, Â.Þ. Ïðîòàñîâà, Â.Ì. Òèõîìèðî-

âà è À.Â. Ôóðñèêîâà; íà íàó÷íîì ñåìèíàðå êàôåäðû ¾Äèôôåðåíöèàëüíûõ è

èíòåãðàëüíûõ óðàâíåíèé ÞÔÓ¿ ïîä ðóêîâîäñòâîì äîöåíòà Î.Ã. Àâñÿíêèíà.
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Ïîëó÷åííûå ðåçóëüòàòû ïðåäñòàâëÿëèñü è îáñóæäàëèñü íà ñëåäóþùèõ

íàó÷íûõ êîíôåðåíöèÿõ: Âîðîíåæñêàÿ Çèìíÿÿ ìàòåìàòè÷åñêàÿ øêîëà ¾Ñî-

âðåìåííûå ìåòîäû òåîðèè ôóíêöèé è ñìåæíûå ïðîáëåìû¿ (28 ÿíâàðÿ 2023

ã.), êîíôåðåíöèÿ ¾Âëàäèêàâêàçñêîé ìîëîäåæíîé ìàòåìàòè÷åñêîé øêîëû¿

(22-25 ìàÿ 2023 ã.), êîíôåðåíöèÿ ïî òåîðèè ôóíêöèé ìíîãèõ äåéñòâèòåëüíûõ

ïåðåìåííûõ, ïîñâÿùåííàÿ 90-ëåòèþ ñî äíÿ ðîæäåíèÿ ÷ë.- êîðð. ÐÀÍ Î. Â.

Áåñîâà, â Ìàòåìàòè÷åñêîì èíñòèòóòå èì. Â.À Ñòåêëîâà (29 ìàÿ 2023 ã.).

Îñíîâíûå îïðåäåëåíèÿ è ðåçóëüòàòû.

Ãëàâà 1 ñîñòîèò èç ÷åòûðåõ ïàðàãðàôîâ.

Îñíîâíûìè ðåçóëüòàòàìè ïåðâîé ãëàâû ÿâëÿþòñÿ òåîðåìû 1,3,4 è 5.

Â ïàðàãðàôå 1.1 äàþòñÿ íåîáõîäèìûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ.

Îïðåäåëåíèå 1. Ïóñòü 0 < p ≤ ∞ è 0 ≤ λ ≤ n
p , òîãäà f ∈Mλ

p (Rn), åñëè

f ∈ Llocp (Rn)

è

∥f∥Mλ
p (Rn) = sup

x∈Rn

sup
r>0

r−λ∥f∥Lp(B(x,r)) <∞.

Â ïàðàãðàôå 1.2 ïîëó÷åíî íåðàâåíñòâî Áåðíøòåéíà äëÿ öåëûõ ôóíêöèé ýêñ-

ïîíåíöèàëüíîãî òèïà ν äëÿ ïðîñòðàíñòâ Ìîððè.

Òåîðåìà 1. Ïóñòü Z(Rn) � íîðìèðîâàííîå ïðîñòðàíñòâî ôóíêöèé f : Rn →

C, ïðè÷åì íîðìà ∥·∥Z(Rn) èíâàðèàíòíà îòíîñèòåëüíî ñäâèãà: äëÿ ëþáîé ôóíê-

öèè f ∈ Z(Rn)

∥f(x+ h)∥Z(Rn) = ∥f∥Z(Rn) ∀h ∈ Rn.

Òîãäà äëÿ ëþáîé ôóíêöèè g ∈ Eν(Rn) ∩ Z(Rn)∥∥∥∥ ∂g∂xj
∥∥∥∥
Z(Rn)

≤ ν∥g(x)∥Z(Rn), j = 1, . . . , n.
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Ñëåäñòâèå 1. Ïóñòü 1 ≤ p ≤ ∞ , 0 ≤ λ ≤ n

p , òîãäà

∀g ∈ Eν(Rn) ∩Mλ
p (Rn)∥∥∥∥ ∂g∂xj

∥∥∥∥
Mλ

p (Rn)

≤ ν∥g∥Mλ
p (Rn), j = 1, . . . , n.

Ýòî íåðàâåíñòâî òàêæå èìååò ìåñòî, åñëè çàìåíèòü Mλ
p (Rn) íà M̂λ

p (Rn).

Â ïàðàãðàôå 1.3 äàþòñÿ íåîáõîäèìûå îïðåäåëåíèÿ è ïîëó÷åíû íåðàâåíñòâà

ðàçíûõ ìåòðèê äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà ν äëÿ ïðîñòðàíñòâà

Ìîððè.

Îïðåäåëåíèå 2. Ïóñòü ôóíêöèè f, g ∈ L1(Rn), òîãäà ñâåðòêîé íàçûâàåòñÿ

ôóíêöèÿ f ∗ g : Rn → Rn, îïðåäåëåííàÿ ðàâåíñòâîì

(f ∗ g)(t) =
∫
Rn

f(t− τ)g(τ)dτ, t ∈ Rn.

Ëåììà 1. Ïóñòü 1 ≤ p ≤ q ≤ ∞, 1
q +

1
q′ = 1, f ∈ Lq′(Rn) è g ∈ Mν,p(Rn). Òîãäà

äëÿ ëþáûõ x, y ∈ Rn

|(f ∗ g)(x)− (f ∗ g)(y)| ≤M∥f∥Lq′(Rn)∥g∥Lp(Rn)|x− y|,

ãäå M = 2nnν1+
1
q−

1
p .

Îïðåäåëåíèå 3. Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f ∈ L1(Rn) çàäà¼òñÿ ñëåäó-

þùåé ôîðìóëîé:

(Ff)(ξ) =
1

(2π)n/2

∫
Rn

f(x)e−iξ·xdx, ξ ∈ Rn, (14)

ξ · x = ξ1x1 + · · ·+ ξnxn.

Îïðåäåëåíèå 4. Åñëè f ∈ Lp(Rn), ãäå 1 < p ≤ 2, òî ïðåîáðàçîâàíèå Ôóðüå

çàäàåòñÿ ðàâåíñòâîì

(Ff)(ξ) = lim
r→∞

(
F (fχB(0,r))

)
(ξ) Lp′(Rn),
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ãäå p′ = p

p−1

(
1
p +

1
p′ = 1

)
. (Ýòî ðàâåíñòâî ñïðàâåäëèâî è ïðè ð=1 äëÿ ïðåîáðà-

çîâàíèÿ Ôóðüå Ff , çàäàâàåìîãî ðàâåíñòâîì (14).)

Çàìå÷àíèå 1. Ïóñòü ñíà÷àëà ∆ν = {|xj| < ν, j = 1, . . . , n}. Íàïîìíèì, ÷òî

äëÿ φ, g ∈ L1(Rn)

(F (φ ∗ g))(ξ) = (2π)
n
2 (Fφ)(ξ)(Fg)(ξ), ξ ∈ Rn. (15)

Èç (15) ñðàçó ñëåäóåò, ÷òî åñëè (Fφ)(ξ) = (2π)−
n
2 äëÿ ëþáîãî ξ ∈ supp Fg, òî

F (φ ∗ g) = Fg è

g(x) = (φ ∗ g)(x) (16)

äëÿ ïî÷òè âñåõ x ∈ Rn. Åñëè φ ∈ L1(Rn), g ∈ Mν,1(Rn) è (Fφ)(ξ) = (2π)−
n
2 äëÿ

ëþáûõ ξ ∈ ∆ν, òî îáå ôóíêöèè g è, ñîãëàñíî ëåììå 1 ñ f = φ, p = 1, q = ∞,

ñâåðòêà φ ∗ g íåïðåðûâíû íà Rn, ïîýòîìó ðàâåíñòâî (16) èìååò ìåñòî äëÿ

ëþáûõ x ∈ Rn.

Îïðåäåëåíèå 5. Ïóñòü 1 ≤ p ≤ ∞, ν > 0. Áóäåì ãîâîðèòü, ÷òî φ ∈ Jν,p(Rn),

åñëè φ ∈ Lp(Rn) è ïðåîáðàçîâàíèå Ôóðüå Fφ, ïîíèìàåìîå, âîîáùå ãîâîðÿ, â

ñìûñëå òåîðèè îáîáùåííûõ ôóíêöèé èç ïðîñòðàíñòâà S ′(Rn), ðàâíî (2π)−
n
2

íà ∆ν.

Òåîðåìà 2. Ïóñòü 1 ≤ p < ∞, φ ∈ Jν,p′(Rn), g ∈ Mν,p(Rn). Òîãäà ðàâåíñòâî

(16) ñïðàâåäëèâî äëÿ âñåõ x ∈ Rn.

Òåîðåìà 3. Ïóñòü 1 ≤ p ≤ q ≤ ∞, 1 + 1
q =

1
r +

1
p , 0 ≤ λ ≤ n

p , òîãäà

∥g∥
M

pλ
q

q (Rn)
≤ cνn(

1
p−

1
q )∥g∥

p
q

Mλ
p (Rn)

∥g∥1−
p
q

Lp(Rn)

äëÿ ëþáûõ ν > 0 è g ∈ Eν(Rn) ∩ M̂λ
p (Rn), ãäå

c = c(n, p, q) = inf
ψ∈J1,p′(Rn)

∥ψ∥Lr(Rn),

â ïðåäïîëîæåíèè, ÷òî c <∞.
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Ñëåäñòâèå 2. Â ïðåäïîëîæåíèÿõ òåîðåìû 3

∥g∥
M̂

pλ
q

q (Rn)
≤ cνn(

1
p−

1
q )∥g∥

M̂λ
p (Rn)

äëÿ ëþáûõ ν > 0 è g ∈ Eν(Rn) ∩ M̂λ
p (Rn).

Ñëåäñòâèå 3. Åñëè â äîïîëíåíèå ê ïðåäïîëîæåíèÿì òåîðåìû 3,

1 ≤ p ≤ min{2, q} 1

p
− 1

q
≥ 1

2
⇐⇒ q ≥ 2p

2− p
,

òî

∥g∥
M

pλ
q

q (Rn)
≤

(
(r′)

1
r′

r
1
r

)n
2(ν
π

)n( 1p− 1
q )∥g∥

p
q

Mλ
p (Rn)

∥g∥1−
p
q

Lp(Rn)

è

∥g∥
M̂

pλ
q

q (Rn)
≤

(
(r′)

1
r′

r
1
r

)n
2(ν
π

)n( 1p− 1
q )∥g∥

M̂λ
p (Rn)

,

â ÷àñòíîñòè, ïðè q = ∞, äëÿ ëþáûõ 1 ≤ p ≤ 2 è g ∈ Mp,ν(Rn)

∥g∥L∞(Rn) ≤
(

p
1
p

(p′)
1
p′

)n
2(ν
π

)n
p∥g∥Lp(Rn),

à ïðè p = 2 è p = 1

∥g∥L∞(Rn) ≤
(ν
π

)n
2 ∥g∥L2(Rn),

∥g∥L∞(Rn) ≤
(ν
π

)n
∥g∥L1(Rn).

Çàìå÷àíèå 2. (Íåóëó÷øàåìîñòü ïîêàçàòåëÿ p
qλ â íåðàâåíñòâå ðàçíûõ

ìåòðèê) Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðûõ µ ≥ 0 è c > 0, äëÿ ëþáûõ ν > 0 è

g ∈ Eν(Rn) ∩ M̂λ
p (Rn) âûïîëíÿòñÿ íåðàâåíñòâî

∥g∥Mµ
q (Rn) ≤ cνn(

1
p−

1
q )∥g∥

p
q

Mλ
p (Rn)

∥g∥1−
p
q

Lp(Rn).

Òîãäà µ = λp
q .
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Â ïàðàãðàôå 1.4 äàþòñÿ íåîáõîäèìûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ è ïîëó÷å-

íû íåðàâåíñòâà ðàçíûõ èçìåðåíèé äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà

ν äëÿ ïðîñòðàíñòâ Ìîððè.

Îïðåäåëåíèå 6. Ïóñòü

0 < p1, p2 ≤ ∞, m1,m2 ∈ N, 0 ≤ λ1 ≤
m1

p1
, 0 ≤ λ2 ≤

m2

p2
.

Îïðåäåëèì ïðîñòðàíñòâî

Mλ1
p1
(Rm1)×Mλ2

p2
(Rm2)

ñî ñìåøàííîé êâàçèíîðìîé êàê ìíîæåñòâî âñåõ èçìåðèìûõ íà Rm1+m2 ôóíê-

öèé f , äëÿ êîòîðûõ

∥f∥
M

λ1
p1 (Rm1)×Mλ2

p2 (Rm2)
= ∥∥f(u1, u2)∥Mλ1

p1,u1(Rm1)
∥
M

λ2
p2,u2(Rm2)

<∞.

Àíàëîãè÷íî îïðåäåëÿþòñÿ ïðîñòðàíñòâà

M̂λ1
p1
(Rm1)× M̂λ2

p2
(Rm2).

Òåîðåìà 4. Ïóñòü 1 ≤ p <∞, m, n ∈ N, m < n, 0 ≤ λ ≤ n
p , òîãäà

∥g∥L∞(Rn−m)×Mλ
p (Rm) ≤ 2n−mν

n−m
p ∥g∥Lp(Rn−m)×Mλ

p (Rm),

â ÷àñòíîñòè, åñëè x = (u, v), u = (x1 . . . xm), v = (xm+1, . . . , xn), òî

∥g(u, 0)∥Mλ
p (Rm) ≤ 2n−mν

n−m
p ∥g∥Lp(Rn−m)×Mλ

p (Rm)

äëÿ ëþáûõ g ∈ Eν(Rn−m) ∩ (Lp(Rn−m) ×Mλ
p (Rm)), è ñóùåñòâóåò òàêîå c4 =

c4(m,n, λ) > 0, ÷òî

∥g∥
L∞(Rn−m)×M̂λ

p (Rm)
≤ c4ν

n−m
p max{1, νλ}∥g∥

M̂λ
p (Rn)

,
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â ÷àñòíîñòè,

∥g(u, 0)∥
M̂λ

p (Rm)
≤ c4ν

n−m
p max{1, νλ}∥g∥

M̂λ
p (Rn)

äëÿ ëþáûõ ν > 0 è g ∈ Eν(Rn) ∩ M̂λ
p (Rn).

Òåîðåìà 5. Ïóñòü 1 ≤ p <∞, m, n ∈ N, m < n, 0 ≤ λ ≤ n
p , òîãäà ñóùåñòâó-

åò c5 = c5(m,n) > 0 è äëÿ ëþáîé ôóíêöèè g ∈ Eν(Rm) ∩Mλ
p (Rm) ñóùåñòâóåò

ôóíêöèÿ G ∈ Eν(Rn) ∩Mλ
p (Rn) òàêàÿ, ÷òî G(u, 0) = g(u) äëÿ ëþáûõ u ∈ Rm,

∥G∥Lp(Rn−m)×Mλ
p (Rm) ≤ c5ν

−n−m
p ∥g∥Mλ

p (Rm)

äëÿ ëþáûõ g ∈Mλ
p (Rm) è

∥G∥
M̂λ

p (Rn)
≤ c5ν

−n−m
p ∥g∥

M̂λ
p (Rm)

äëÿ ëþáûõ g ∈ M̂λ
p (Rm).

Ãëàâà 2 ñîñòîèò èç ÷åòûðåõ ïàðàãðàôîâ.

Îñíîâíûìè ðåçóëüòàòàìè âòîðîé ãëàâû ÿâëÿþòñÿ òåîðåìû 6,8,9, 10 è 11.

Â ïàðàãðàôå 2.1 äàþòñÿ íåîáõîäèìûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ.

Îïðåäåëåíèå 7. Ïóñòü 0 < p ≤ ∞ è 0 ≤ λ ≤ n
p , òîãäà ôóíêöèÿ f ∈ (Mλ

p )
∗,

åñëè îíà èìååò ïåðèîä 2π, èçìåðèìà ïî ëåáåãó íà Rn è

∥f∥∗Mλ
p
= sup

x∈Q(0,π)

sup
0<r≤π

r−λ∥f∥Lp(Q(x,r)) <∞.

Â ïàðàãðàôå 2.2 ïîëó÷åíî íåðàâåíñòâî Áåðíøòåéíà äëÿ òðèãîíîìåòðè÷åñêèõ

ìíîãî÷ëåíîâ äëÿ ïåðèîäè÷åñêèõ ïðîñòðàíñòâ Ìîððè.

Òåîðåìà 6. Ïóñòü Z∗−íîðìèðîâàííîå ïðîñòðàíñòâî ïåðèîäè÷åñêèõ ôóíêöèé

ïåðèîäà 2π ïî êàæäîé ïåðåìåííîé, ïðè÷åì íîðìà ∥ · ∥∗Z èíâàðèàíòíà îòíîñè-

òåëüíî ñäâèãà, ò.å. äëÿ ëþáîé ôóíêöèè f ∈ Z∗

∥f(x+ h)∥∗Z = ∥f∥∗Z ∀h ∈ Rn.
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Òîãäà äëÿ ëþáûõ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ Tµ ∈ Z∗ ïîðÿäêà µ ∈ N

ïî êàæäîé ïåðåìåííîé∥∥∥∥∂Tµ∂xj

∥∥∥∥∗
Z

≤ µ∥Tµ∥∗Z , j = 1, . . . , n.

Ñëåäñòâèå 4. Ïóñòü 1 ≤ p ≤ ∞ , 0 ≤ λ ≤ n
p , Tµ ∈ (Mλ

p )
∗, òîãäà èìååò ìåñòî

íåðàâåíñòâî ∥∥∥∥∂Tµ∂xj

∥∥∥∥∗
Mλ

p

≤ µ∥Tµ∥∗Mλ
p
, j = 1, . . . , n.

Â ïàðàãðàôå 2.3 äàþòñÿ íåîáõîäèìûå îïðåäåëåíèÿ è ïîëó÷åíû íåðàâåíñòâà

ðàçíûõ ìåòðèê äëÿ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ äëÿ ïåðèîäè÷åñêèõ ïðî-

ñòðàíñòâ Ìîððè ñ ïîìîùüþ ýêâèâàëåíòíûõ íîðì è ïðåäñòàâëåíèÿ â âèäå ñâåð-

òîê.

Îïðåäåëåíèå 8. Ïóñòü 1 ≤ p ≤ ∞, 0 ≤ λ ≤ n
p , µ,N ∈ N, Tµ ∈ M∗

µ,p è

((Tµ))
∗
Mλ

p,N
= sup

x∈Q(0,π)

sup
0<r≤π

r−λ
((

r

N

)n N−1∑
k1=−N

· · ·
N−1∑

kn=−N∣∣∣∣Tµ(x1 + r

N
k1, . . . , xn +

r

N
kn

)∣∣∣∣p)1/p

.

Òåîðåìà 7. Ïóñòü 1 ≤ p ≤ ∞, n, µ,N ∈ N, 0 ≤ λ ≤ n
p , Tµ ∈ M∗

µ, òîãäà

èìååò ìåñòî íåðàâåíñòâî

∥Tµ∥∗Mλ
p
≤ ((Tµ))

∗
Mλ

p,N
≤ (1 +

π

N
µ)n∥Tµ∥∗Mλ

p
.

Òåîðåìà 8. Ïóñòü 1 ≤ p ≤ q ≤ ∞, n
(
1
p −

1
q

)
≤ λ ≤ n

p , Tµ ∈ M∗
µ. Òîãäà

∥Tµ∥∗
M

λ−n( 1p− 1
q )

q

≤ (1 + π)nµn(
1
p−

1
q )∥Tµ∥∗Mλ

p
.

Ëåììà 2. Ïóñòü n ∈ N, µ ∈ N, φ ∈ L1(Q(0, π)) − 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ

ïî êàæäîé ïåðåìåííîé. Äëÿ òîãî, ÷òîáû äëÿ ëþáîãî òðèãîíîìåòðè÷åñêîãî
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ìíîãî÷ëåíà Tµ ïîðÿäêà, íå ïðåâûøàþùåãî µ ïî êàæäîé ïåðåìåííîé, âûïîëíÿ-

ëîñü ðàâåíñòâî

Tµ = φ ∗ Tµ, (17)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

ck(φ) = (2π)−n ∀k ∈ Zn : |kj| ≤ µ, j = 1, . . . , n.

Çàìå÷àíèå 3. Åñëè φ � òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí ïîðÿäêà µ ïî êàæäîé

ïåðåìåííîé, òî ðàâåíñòâî (17) âûïîëíÿåòñÿ äëÿ ëþáûõ òðèãîíîìåòðè÷åñêèõ

ìíîãî÷ëåíîâ Tµ ïîðÿäêà, íå ïðåâûøàþùåãî µ ïî êàæäîé ïåðåìåííîé òîãäà è

òîëüêî òîãäà, êîãäà

φ(x) =
1

(2π)n

∑
|kj |≤µ
j=1,...,n

eik·x =
1

(2π)n

n∏
j=1

∑
|kj |≤µ

eikjxj =
1

πn

n∏
j=1

Dµ(xj) =
n∏
j=1

D̃µ(xj).

Îïðåäåëåíèå 9. Ïóñòü µ, ν ∈ N è ν > µ. ßäðî Âàëëå Ïóññåíà îïðåäåëÿåòñÿ

ñëåäóþùèì îáðàçîì

Vµ,ν(x) = (ν − µ)−1
ν−1∑
l=µ

Dl(x),

â ÷àñòíîñòè,

Vµ(x) = Vµ,2µ(x), µ ≥ 1, V0(x) = 1.

Ïîëîæèì

Ṽµ,ν(x) =
1

π
Vµ,ν(x), D̃µ,ν(x) =

1

π
Dµ,ν(x),

òîãäà

Ṽµ,ν(x) = D̃µ(x) +
1

ν − µ

ν−1∑
l=µ+1

D̃µ,ν(x).

Òåîðåìà 9. Ïóñòü 1 ≤ r, p < q ≤ ∞, n, µ ∈ N 0 ≤ λ ≤ n
p , 1 +

1
q =

1
r +

1
p . Òîãäà

∥Tµ∥∗
M

pλ
q

q

≤ c(∥Tµ∥∗Mλ
p
)
p
q (∥Tµ∥∗Lp

)1−
p
q
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≤ cπλ(1−

p
q )∥Tµ∥∗Mλ

p

äëÿ ëþáîãî Tµ ∈ (Mλ
p )

∗, ãäå

c = c(n, µ, r) = inf
φ∈J∗

µ

∥φ∥∗Lr
.

Ñëåäñòâèå 5. Ïóñòü 1 ≤ p ≤ q ≤ ∞, n, µ ∈ N, 0 ≤ λ ≤ n
p . Åñëè φ =

Ṽµ(x), Tµ ∈ (Mλ
p )

∗, òîãäà

∥Tµ∥∗
M

pλ
q

q

≤ (3(2π)
1
p−1)nµn(

1
p−

1
q )πλ(1−

p
q )(∥Tµ∥∗Mλ

p
)
p
q (∥Tµ∥∗Lp

)1−
p
q

≤ (3(2π)
1
p−1)nπλ(1−

p
q )µn(

1
p−

1
q )∥Tµ∥∗Mλ

p
.

Ñëåäñòâèå 6. Ïóñòü 1 ≤ p ≤ q ≤ ∞, n, µ ∈ N, n(1p −
1
q ) ≤ λ ≤ n

p . Åñëè

Tµ ∈ (Mλ
p )

∗, òîãäà

∥Tµ∥∗
M

λ−n( 1p− 1
q )

q

≤ π
λp
q −λ+n( 1p−

1
q )∥Tµ∥∗

M
λp
q

q

≤ (3(2π)
1
p−1)nπ(

1
q−

1
p )(λp−n)µn(

1
p−

1
q )∥Tµ∥∗Mλ

p
.

Ñëåäñòâèå 7. Åñëè 1 ≤ p ≤ 2, q ≥ 2p
2−p, òî äëÿ ëþáîãî Tµ ∈ (Mλ

p )
∗

∥Tµ∥∗
M

pλ
q

q

≤
(
2µ+ 1

2π

)n( 1p−
1
q )

(∥Tµ∥∗Mλ
p
)
p
q (∥Tµ∥∗Lp

)1−
p
q ,

â ÷àñòíîñòè, äëÿ 0 ≤ λ ≤ n
2

∥Tµ∥∗
M

λ
2
2

≤
(
2µ+ 1

2π

)n
2

(∥Tµ∥∗Mλ
1
∥Tµ∥∗L1

)
1
2 ,

è ïðè λ = 0, q = 2 è p = 1

∥Tµ∥∗L2
≤

(
2µ+ 1

2π

)n
2

∥Tµ∥L1
,

à ïðè λ = 0, q = ∞, p = 2

∥Tµ∥∗L∞
≤

(
2µ+ 1

2π

)n
2

∥Tµ∥∗L2
.
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Â ïîñëåäíåì íåðàâåíñòâå ïîñòîÿíàÿ òî÷íàÿ, ðàâåíñòâî äîñòèãàåòñÿ äëÿ

Tµ(x) =
∏n

l=1 D̃µ(xl).

Â ïàðàãðàôå 2.4 äàþòñÿ íåîáõîäèìûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ è ïîëó÷å-

íû íåðàâåíñòâà ðàçíûõ èçìåðåíèé äëÿ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ äëÿ

ïåðèîäè÷åñêèõ ïðîñòðàíñòâ Ìîððè.

Îïðåäåëåíèå 10. Ïóñòü

0 < p1, p2 ≤ ∞, m1,m2 ∈ N, 0 ≤ λ1 ≤
m1

p1
, 0 ≤ λ2 ≤

m2

p2
.

Îïðåäåëèì ïðîñòðàíñòâî

(Mλ1
p1
)∗(R)m1 × (Mλ2

p2
)∗(Rm2)

ñî ñìåøàííîé êâàçèíîðìîé êàê ìíîæåñòâî âñåõ èçìåðèìûõ ïî Ëåáåãó íà

Rm1+m2 ôóíêöèé f , äëÿ êîòîðûõ

∥Tµ∥∗Mλ1
p1 (Rm1)×Mλ2

p2 (Rm2)
= ∥∥Tµ(u1, u2)∥∗Mλ1

p1,u1

∥∗
M

λ2
p2,u2

= sup
y∈Q(0,π)(Rm2)

sup
0<ρ≤π

ρ−λ2∥ sup
x∈Q(0,π)(Rm1)

sup
0<r≤π

r−λ1

∥Tµ(u1, u2)∥Lp1,u1
(Q(x,r))∥Lp2,u2

(Q(x,r)) <∞.

Ëåììà 3. Ïóñòü 0 < p ≤ ∞, m1,m2 ∈ N, 0 ≤ λ1 ≤ m1

p , 0 ≤ λ2 ≤ m2

p . Òîãäà

(Mλ1
p )∗(Rm1)× (Mλ2

p )∗(Rm2) ⊂ (Mλ1+λ2
p )∗(Rm1+m2),

ïðè÷åì

∥Tµ∥∗Mλ1+λ2
p (Rm1+m2)

≤ ∥Tµ∥∗Mλ1
p (Rm1)×Mλ2

p (Rm2)

äëÿ ëþáûõ f ∈Mλ1
p (Rm1)×Mλ2

p (Rm2).
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Òåîðåìà 10. Ïóñòü 1 ≤ p <∞, m, n ∈ N, m < n, 0 ≤ λ ≤ n

p , òîãäà

∥Tµ∥∗L∞(Rn−m)×Mλ
p (Rm) ≤ 3n−mµ

n−m
p ∥Tµ∥∗Lp(Rn−m)×Mλ

p (Rm).

Òåîðåìà 11. Ïóñòü 1 ≤ p < ∞, 1 ≤ θ ≤ ∞, µ,m, n ∈ N, m < n, 0 ≤ λ ≤ m
p ,

òîãäà äëÿ ëþáîãî Tµ ∈ (Mλ
p )

∗(Rm) ñóùåñòâóåò Tµ ∈ (Mλ
p )

∗(Rn) òàêîå ÷òî

Tµ(u, 0) = Tµ(u) äëÿ ëþáûõ u ∈ Rm è

∥Tµ∥∗Mλ
p (Rn) ≤ cµ−

n−m
p ∥Tµ∥∗Mλ

p (Rm).

Îñíîâíûå ðåçóëüòàòû îïóáëèêîâàíû â ðàáîòàõ [7] è [29].

Ãëàâà 3 ñîñòîèò èç ÷åòûðåõ ïàðàãðàôîâ.

Îñíîâíûìè ðåçóëüòàòàìè òðåòüåé ãëàâû ÿâëÿþòñÿ òåîðåìû 12 � 14.

Â ïàðàãðàôå 3.1 äàþòñÿ íåîáõîäèìûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ.

Îïðåäåëåíèå 11. Ïóñòü 1 ≤ p, θ ≤ ∞, r > 0, 0 ≤ λ ≤ n
p . Áóäåì ãîâî-

ðèòü, ÷òî ôóíêöèÿ ïðèíàäëåæèò ïðîñòðàíñòâó Íèêîëüñêîãî-Áåñîâà-Ìîððè

f ∈ Br
θ(M̂

λ
p (Rn)), åñëè äëÿ íåêîòîðîãî a > 1

∥f∥
Br

θ(M̂
λ
p (Rn))

= inf

( ∞∑
s=0

arθs∥Qas∥θM̂λ
p (Rn)

)1/θ

<∞,

ãäå f ïðåäñòàâèìà â âèäå ðÿäà

f =
∞∑
s=0

Qas(x), x ∈ Rn, (18)

÷ëåíû êîòîðîãî öåëûå ôóíêöèè ýêñïîíåíöèàëüíîãî òèïà as, òî åñòü Qas ∈

Eas(Rn) ∩Mλ
p (Rn), à èíôèìóì áåðåòñÿ ïî âñåì ðàçëîæåíèÿì (18).

Â ïàðàãðàôå 3.2 äîêàçàíà òåîðåìà âëîæåíèÿ äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî-

Áåñîâà-Ìîððè.
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Òåîðåìà 12. Ïóñòü 1 ≤ p < q ≤ ∞, 1 ≤ θ ≤ ∞, r > 0, 0 ≤ λ ≤ n

p è

r′ = r − n

(
1

p
− 1

q

)
> 0.

Òîãäà

Br
θ(M̂

λ
p (Rn)) → Br′

θ (M̂
pλ
q
q (Rn)).

Â ïàðàãðàôå 3.3 äîêàçàíà ïðÿìàÿ òåîðåìà î ñëåäàõ äëÿ ïðîñòðàíñòâ

Íèêîëüñêîãî-Áåñîâà-Ìîððè.

Òåîðåìà 13. Ïóñòü 1 < p ≤ ∞, 1 ≤ m < n, è r′ = r− n−m
p > 0. Òîãäà èìååò

ìåñòî âëîæåíèå

Br
θ(Lp(Rn−m)× M̂λ

p (Rm)) → Br′

θ (L∞(Rn−m)× M̂λ
p (Rm)),

â ÷àñòíîñòè,

Br
θ(Lp(Rn−m)× M̂λ

p (Rm)) → Br′

θ (M̂
λ
p (Rm)), (19)

Â ïàðàãðàôå 3.4 äîêàçàíà îáðàòíàÿ òåîðåìà î ñëåäàõ äëÿ ïðîñòðàíñòâ

Íèêîëüñêîãî-Áåñîâà-Ìîððè.

Òåîðåìà 14. Ïóñòü 1 ≤ p, θ ≤ ∞, n,m ∈ N, m < n, 0 ≤ λ ≤ m
p ,

r′ = r − n−m
p > 0. Òîãäà

Br′

θ (M̂
λ
p (Rm)) → Br

θ(M̂
λ
p (Rn))

è

Br′

θ (M̂
λ
p (Rm)) → Br

θ(Lp(Rn−m)× M̂λ
p (Rm)). (20)

Çàìå÷àíèå 4. Èç ïðÿìîé òåîðåìû î ñëåäàõ (19) è îáðàòíîé òåîðåìû î ñëåäàõ

(20) ñëåäóåò óòâåðæäåíèå îá ïîëíîì îïèñàíèè ïðîñòðàíñòâà ñëåäîâ íà Rm

ôóíêöèé èç ïðîñòðàíñòâà Br
θ(Lp(Rn−m)× M̂λ

p (Rm)).



29
Òåîðåìà 15. Ïóñòü 1 ≤ p, θ ≤ ∞, n,m ∈ N, m < n, r > n−m

p ,

0 ≤ λ ≤ m
p . Òîãäà

TrRm(Br
θ(Lp(Rn−m)× M̂λ

p (Rm))) = {f |Rm : f ∈ Br
θ(Lp(Rn−m)× M̂λ

p (Rm))}

= Br′

θ (M̂
λ
p (Rm)).

Ãëàâà 4 ñîñòîèò èç ÷åòûðåõ ïàðàãðàôîâ.

Îñíîâíûìè ðåçóëüòàòàìè ÷åòâåðòîé ãëàâû ÿâëÿþòñÿ òåîðåìû 16 � 18.

Â ïàðàãðàôå 4.1 äàþòñÿ íåîáõîäèìûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ.

Îïðåäåëåíèå 12. Ïóñòü 1 ≤ p, θ ≤ ∞, r > 0, 0 ≤ λ ≤ n
p . Áóäåì ãîâîðèòü,

÷òî ôóíêöèÿ f ïðèíàäëåæèò ïåðèîäè÷åñêîìó ïðîñòðàíñòâó Íèêîëüñêîãî-

Áåñîâà-Ìîððè Br
θ((M

λ
p )

∗(Rn)), åñëè f − 2π-ïåðèîäè÷åñêàÿ èçìåðèìàÿ ôóíêöèÿ,

äëÿ êîòîðîé

∥f∥∗Br
θ(M

λ
p )

= inf

( ∞∑
k=0

2rθk(∥T2k∥∗Mλ
p
)θ
)1/θ

<∞,

ãäå f ïðåäñòàâèìà â âèäå ðÿäà

f =
∞∑
k=0

T2k(x), x ∈ Rn, (21)

÷ëåíû êîòîðîãî òðèãîíîìåòðè÷åñêèå ìíîãî÷ëåíû ïîðÿäêà íå âûøå 2k, à èí-

ôèìóì áåðåòñÿ ïî âñåì ðàçëîæåíèÿì (21).

Â ïàðàãðàôå 4.2 äîêàçàíà òåîðåìà âëîæåíèÿ äëÿ ïåðèîäè÷åñêèõ ïðîñòðàíñòâ

Íèêîëüñêîãî-Áåñîâà-Ìîððè.

Òåîðåìà 16. Ïóñòü 1 ≤ p < q ≤ ∞, 1 ≤ θ ≤ ∞, r > 0 è

r′ = r − n

(
1

p
− 1

q

)
> 0.

Òîãäà

Br
θ((M

λ
p )

∗(Rn)) → Br′

θ ((M
pλ/q
q )∗(Rn)).
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Â ïàðàãðàôå 4.3 äîêàçàíà ïðÿìàÿ òåîðåìà î ñëåäàõ äëÿ ïåðèîäè÷åñêèõ ïðî-

ñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-Ìîððè.

Òåîðåìà 17. Ïóñòü 1 < p ≤ ∞, r > 0, 1 ≤ m < n. Òîãäà èìååò ìåñòî

âëîæåíèå

Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm)) → Br′

θ ((L∞)∗(Rn−m)× (Mλ
p )

∗(Rm)), (22)

ãäå r′ = r− n−m
p > 0 , â ÷àñòíîñòè íåðàâåíñòâî, àíàëîãè÷íîå (22), íî â ïðàâîé

÷àñòè Br′

θ ((M
λ
p )

∗(Rm)).

Â ïàðàãðàôå 4.4 äîêàçàíà îáðàòíàÿ òåîðåìà î ñëåäàõ äëÿ ïåðèîäè÷åñêèõ

ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-Ìîððè.

Òåîðåìà 18. Ïóñòü m,n ∈ N, 1 ≤ p < ∞, m < n, x = (u, v), u ∈ Rm, v ∈

Rn−m è r′ = r − n−m
p > 0. Òîãäà

Br′

θ ((M
λ
p )

∗(Rm)) → Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm)) (23)

è

Br′

θ ((M
λ
p )

∗(Rm)) → Br
θ((M

λ
p )

∗(Rn)).

Çàìå÷àíèå 5. Èç ïðÿìîé òåîðåìû î ñëåäàõ (22) è îáðàòíîé òåîðåìû î ñëåäàõ

(23) ñëåäóåò óòâåðæäåíèå îá ïîëíîì îïèñàíèè ïðîñòðàíñòâà ñëåäîâ íà Rm

ôóíêöèé èç ïðîñòðàíñòâà Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm)).

Òåîðåìà 19. Ïóñòü 1 ≤ p, θ ≤ ∞, n,m ∈ N ,m < n, r > n−m
p ,

0 ≤ λ ≤ m
p . Òîãäà

TrRm(Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm))) = Br′

θ ((M
λ
p )

∗(Rm)).
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Ãëàâà 1

Íåðàâåíñòâà äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà äëÿ

ïðîñòðàíñòâ Ìîððè Mλ
p (Rn)

1.1. Ïðîñòðàíñòâà Ìîððè Mλ
p (Rn)

Îïðåäåëåíèå 1.1. Ïóñòü 0 < p ≤ ∞ è 0 ≤ λ ≤ n
p , òîãäà f ∈Mλ

p (Rn), åñëè

f ∈ Llocp (Rn)

è

∥f∥Mλ
p (Rn) = sup

x∈Rn

sup
r>0

r−λ∥f∥Lp(B(x,r)) <∞.

Îòìåòèì íåêîòîðûå ñâîéñòâà ýòèõ ïðîñòðàíñòâ.

1. Èç îïðåäåëåíèÿ ñðàçó âèäíî, ÷òî ïðè λ = 0, M 0
p (Rn) = Lp(Rn) è

∥f∥M0
p (Rn) = ∥f∥Lp(Rn).

2. Ïðè λ = n
p , M

n
p
p (Rn) = L∞(Rn) è

∥f∥
M

n
p
p (Rn)

= v
n
p
n ∥f∥L∞(Rn),

ãäå vn− îáú¼ì åäèíè÷íîãî øàðà â Rn.

3. Åñëè λ < 0 èëè λ > n
p , òî ïðîñòðàíñòâà M

λ
p (Rn) ñîñòîÿò òîëüêî èç ôóíê-

öèé, ýêâèâàëåíòíûõ 0 íà Rn.

4. Ïóñòü η ∈ C∞
0 (Rn), η(x) = 1 äëÿ ëþáîãî x ∈ B(0, 1), 0 < p <∞, 0 < λ <

n
p , α ∈ R. Òîãäà

|x|αη(x) ∈ Lp(Rn) ⇔ α > −n
p
,
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|x|αη(x) ∈Mλ
p (Rn) ⇔ α ≥ λ− n

p

è

|x|α(1− η(x)) ∈ Lp(Rn) ⇔ α < −n
p
,

|x|α(1− η(x)) ∈Mλ
p (Rn) ⇔ α ≤ λ− n

p
,

|x|α ∈Mλ
p (Rn) ⇔ α = λ− n

p
.

Ôóíêöèÿ |x|λ−
n
p ÿâëÿåòñÿ "êðàéíåé"â Mλ

p (Rn), òàê êàê |x|λ−
n
p ∈ Mλ

p (Rn),

íî |x|λ−
n
p /∈ Mλ+ε

p (Rn) äëÿ ëþáîãî ε > 0 è |x|λ−
n
p /∈ Mλ−ε

p (Rn) äëÿ ëþáîãî

0 < ε < λ. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî Lp(Rn) ̸⊂ Mλ
p (Rn) è òàêæå

Mλ
p (Rn) ̸⊂ Lp(Rn).

Â ñâÿçè ñ ýòèì áûâàåò ïîëåçíî ðàññìîòðåíèå ïðîñòðàíñòâ

M̂λ
p (Rn) = Lp(Rn) ∩Mλ

p (Rn)

ñ êâàçèíîðìîé

∥f∥
M̂λ

p (Rn)
= max{∥f∥Lp(Rn), ∥f∥Mλ

p (Rn)}. (1.1)

Äëÿ ýòèõ ïðîñòðàíñòâ

|x|αη(x) ∈ M̂λ
p (Rn) ⇔ α ≥ λ− n

p
,

|x|α(1− η(x)) ∈ M̂λ
p (Rn) ⇔ α < −n

p
.

Ôóíêöèÿ |x|λ−
n
p η(x) ÿâëÿåòñÿ "êðàéíåé"â M̂λ

p (Rn), òàê êàê |x|λ−
n
p η(x) ∈

M̂λ
p (Rn), íî äëÿ ëþáîãî ε > 0 |x|λ−

n
p η(x) /∈ M̂λ+ε

p (Rn).

5. Äëÿ ëþáûõ ε > 0

∥f(εx)∥Mλ
p (Rn) = ελ−

n
p∥f∥Mλ

p (Rn) (1.2)
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è

ε−
n
p min{1, ελ}∥f∥

M̂λ
p (Rn)

≤ ∥f(εx)∥
M̂λ

p (Rn)

= ε−
n
p

(
∥f∥Lp(Rn) + ελ∥f(εx)∥Mλ

p (Rn)

)
≤ ε−

n
p max{1, ελ}∥f∥

M̂λ
p (Rn)

.

6. Îòìåòèì, ÷òî ïðîñòðàíñòâî M̂λ
p (Rn) (â îòëè÷èå îò ïðîñòðàíñòâà Mλ

p (Rn))

îáëàäàåò ñâîéñòâîì ìîíîòîííîñòè ïî ïàðàìåòðó λ:

M̂µ
p (Rn) ⊂ M̂λ

p (Rn), 0 < λ < µ <
n

p
, 0 < p <∞.

Äåéñòâèòåëüíî,

∥g∥Mλ
p (Rn) = max{ sup

x∈Rn

sup
0<r≤1

r−λ∥f∥Lp(B(x,r)), sup
x∈Rn

sup
1<r<∞

r−λ∥f∥Lp(B(x,r))}

≤ max{ sup
x∈Rn

sup
0<r≤1

r−µ∥f∥Lp(B(x,r)), ∥f∥Lp(Rn)}

≤ max{∥f∥Mµ
p (Rn), ∥f∥Lp(Rn)} = ∥f∥

M̂µ
p (Rn)

,

ñëåäîâàòåëüíî,

∥f∥
M̂λ

p (Rn)
≤ ∥f∥

M̂µ
p (Rn)

.

7. (Èíâàðèàíòíîñòü îòíîñèòåëüíî ñäâèãà) Äëÿ ëþáûõ 0 < p ≤ ∞, 0 ≤ λ ≤ n
p

∥f(y + h)∥Mλ
p (Rn) = ∥f(y)∥Mλ

p (Rn) ∀h ∈ Rn. (1.3)

Äåéñòâèòåëüíî,

∥f(y + h)∥Mλ
p (Rn) = sup

x∈Rn

sup
r>0

r−λ∥f(y + h)∥Lp(B(x,r))

(z = y + h)

= sup
x∈Rn

sup
r>0

r−λ∥f(z)∥Lp(B(x+h,r))
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(x+ h = u)

= sup
u∈Rn

sup
r>0

r−λ∥f(z)∥Lp(B(u,r)) = ∥f∥Mλ
p (Rn).

Ñîãëàñíî (1.1) è (1.3) òàêæå

∥f(y + h)∥
M̂λ

p (Rn)
= ∥f(y)∥

M̂λ
p (Rn)

∀h ∈ Rn.

8. Ïî ïîâîäó äðóãèõ ñâîéñòâ ïðîñòðàíñòâ Ìîððè è îáùèõ ëîêàëüíûõ è ãëî-

áàëüíûõ ïðîñòðàíñòâ òèïà Ìîððè è èõ ïðèìåíåíèé ñì. îáçîðíûå ñòàòüè

[3], [4], [8], [10], [15], [19], [20].
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1.2. Íåðàâåíñòâî Áåðíøòåéíà äëÿ ïðîñòðàíñòâ Ìîððè Mλ

p (Rn)

Â îäíîìåðíîì ñëó÷àå èíòåðïîëÿöèîííàÿ ôîðìóëà äëÿ ïðîèçâîäíîé öåëîé ôóíê-

öèè g ýêñïîíåíöèàëüíîãî òèïà ν > 0 èìååò âèä

g′(x) =
ν

π2

∞∑
k=−∞

(−1)k−1

(k − 1
2)

2
g

(
x+

π

ν

(
k − 1

2

))
, x ∈ R, (1.4)

ãäå ðÿä ñõîäèòñÿ ðàâíîìåðíî (ñì, íàïðèìåð, êíèãó [36]).

Åñëè ïîëîæèòü ν = 1, g(x) = sin x ∈ M1,∞(R), òî ïîëàãàÿ x = 0, ïîëó÷èì,

÷òî
1

π2

∞∑
k=−∞

1

(k − 1
2)

2
= 1 . (1.5)

Òåîðåìà 1.1. Ïóñòü Z(Rn) � íîðìèðîâàííîå ïðîñòðàíñòâî ôóíêöèé f : Rn →

C, ïðè÷åì íîðìà ∥·∥Z(Rn) èíâàðèàíòíà îòíîñèòåëüíî ñäâèãà: äëÿ ëþáîé ôóíê-

öèè f ∈ Z(Rn)

∥f(x+ h)∥Z(Rn) = ∥f∥Z(Rn) ∀h ∈ Rn. (1.6)

Òîãäà äëÿ ëþáîé ôóíêöèè g ∈ Eν(Rn) ∩ Z(Rn)∥∥∥∥ ∂g∂xj
∥∥∥∥
Z(Rn)

≤ ν∥g(x)∥Z(Rn), j = 1, . . . , n.

Äîêàçàòåëüñòâî. Ïóñòü ñíà÷àëà n = 1. Ñîãëàñíî ôîðìóëàì (1.4) è (1.5)

∥g′(x)∥Z(R) =
∥∥∥∥ νπ2

∞∑
k=−∞

(−1)k−1

(k − 1
2)

2
g

(
x+

π

ν

(
k − 1

2

))∥∥∥∥
Z(R)

≤ ν

π2

∞∑
k=−∞

1

(k − 1
2)

2

∥∥∥∥g(x+ π

ν

(
k − 1

2

))∥∥∥∥
Z(R)

=
ν

π2

∞∑
k=−∞

1

(k − 1
2)

2
∥g(x)∥Z(R) = ν∥g(x)∥Z(R)

Â ìíîãîìåðíîì ñëó÷àå ïðè ôèêñèðîâàííûõ x1, . . . , xj−1, xj+1, . . . , xn ôóíê-

öèÿ g(x) = g(x1, . . . , xn) ÿâëÿåòñÿ öåëîé ôóíêöèåé ýêñïîíåíöèàëüíîãî òèïà ν



36
ïî ïåðåìåííîé xj, ïîýòîìó ñîãëàñíî (1.4)

∂g

∂xj
(x1, . . . , xn) =

ν

π2

∞∑
k=−∞

(−1)k−1

(k − 1
2)

2
g

(
x1, . . . , xj−1, xj +

π

ν

(
k − 1

2

)
, xj+1, . . . , xn

)

=
ν

π2

∞∑
k=−∞

(−1)k−1

(k − 1
2)

2
g

(
x+

π

ν

(
k − 1

2

)
ej

)
, x ∈ Rn,

ãäå ej = (0, . . . , 0, 1, 0, . . . , 0)︸ ︷︷ ︸
j

. Ñëåäîâàòåëüíî, ñîãëàñíî (1.6)

∥∥∥∥ ∂g∂xj
∥∥∥∥
Z(Rn)

≤ ν

π2

∞∑
k=−∞

1

(k − 1
2)

2

∥∥∥∥g(x+ π

ν

(
k − 1

2

)
ej

)∥∥∥∥
Z(Rn)

= ν∥g∥Z(Rn).

Ñëåäñòâèå 1.1. Ïóñòü 1 ≤ p ≤ ∞ , 0 ≤ λ ≤ n
p , òîãäà

∀g ∈ Eν(Rn) ∩Mλ
p (Rn)∥∥∥∥ ∂g∂xj

∥∥∥∥
Mλ

p (Rn)

≤ ν∥g∥Mλ
p (Rn), j = 1, . . . , n.

Ýòî íåðàâåíñòâî òàêæå èìååò ìåñòî, åñëè çàìåíèòü Mλ
p (Rn) íà M̂λ

p (Rn).

Òåîðåìà 1.2. Ïóñòü 1 ≤ p ≤ ∞, n ∈ N, 0 ≤ λ ≤ n
p , ν > 0. Òîãäà

Eν(Rn) ∩Mλ
p (Rn) ⊂ Mν,p(Rn), (1.7)

Eν(Rn) ∩ M̂λ
p (Rn) = Mν,p(Rn), (1.8)

ïðè÷åì ñóùåñòâóåò c1 = c1(n, λ) > 0 òàêîå, ÷òî

∥g∥Mλ
p (Rn) ≤ c1ν

λ∥g∥Lp(Rn) (1.9)

è

∥g∥Lp(Rn) ≤ ∥g∥
M̂λ

p (Rn)
≤ c1max{1, νλ}∥g∥Lp(Rn) (1.10)

äëÿ ëþáûõ ν > 0 è g ∈ Mν,p(Rn).
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Äîêàçàòåëüñòâî. Äîêàæåì íåðàâåíñòâî (1.9). Ïóñòü g ∈ Eν(Rn) ∩ Lp(Rn) è

0 ≤ γ ≤ 1. Òîãäà

∥g∥Mλ
p (Rn) = max{J1, J2},

ãäå

J1 = sup
x∈Rn

sup
0<r<1

r−λ∥g∥Lp(B(x,r))

J2 = sup
x∈Rn

sup
r≥1

r−λ∥g∥Lp(B(x,r)).

Î÷åâèäíî, ÷òî

J2 ≤ ∥g∥Lp(Rn). (1.11)

Îöåíèì J1 :

J1 = sup
x∈Rn

sup
0<r<1

r−λ∥g∥γLp(B(x,r))∥g∥
1−γ
Lp(B(x,r))

≤
(
sup
x∈Rn

sup
0<r<1

r−λ(vnr
n)

γ
p∥g∥γL∞(B(x,r))

)
∥g∥1−γLp(Rn).

Ïóñòü γ = λp
n , òîãäà ñîãëàñíî íåðàâåíñòâó (2) ñ q = ∞

J1 ≤ v
λ
n
n ∥g∥

λp
n

L∞(Rn)∥g∥
1−λp

n

Lp(Rn) ≤ v
λ
n
n 2

λpνλ∥g∥
λp
n

Lp(Rn)∥g∥
1−λp

n

Lp(Rn)

≤ 2nv
λ
n
n ν

λ∥g∥Lp(Rn). (1.12)

Íåðàâåíñòâa (1.9) è (1.10) (è, çíà÷èò, ñîîòíîøåíèÿ (1.7) è (1.8)) ñëåäóþò èç

(1.11) è (1.12) c c1 = max{1, 2nv
λ
n
n }.

Çàìå÷àíèå 1.1. Ñëåäóþùèé ïðèìåð ïîêàçûâàåò, ÷òî â (1.2) ïðè p = 1 è

0 < λ ≤ n ðàâåíñòâî íå èìååò ìåñòà:

n∏
j=1

sin νxj
xj

∈Mλ
1 (Rn),

n∏
j=1

sin νxj
xj

/∈ L1(Rn).

Âòîðîå óòâåðæäåíèå î÷åâèäíî. Äîêàæåì ïåðâîå. Ïóñòü ñíà÷àëà n = 1. Òîãäà∥∥∥sin νx
x

∥∥∥
Mλ

1 (R)
= max{J1, J2},
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ãäå

J1 = sup
x∈R

sup
0<r≤1

r−λ
∥∥∥sin νy

y

∥∥∥
L1(x−r,x+r)

≤ ν sup
x∈R

sup
0<r≤1

r−λ(2r) = 2ν,

J2 = sup
x∈R

sup
r≥1

r−λ
∥∥∥sin νy

y

∥∥∥
L1(x−r,x+r)

= max{J21, J22},

ãäå

J21 = sup
x∈R

sup
r≥1

r−λ
∥∥∥sin νy

y

∥∥∥
L1((x−r,x+r)∩(−1,1))

≤ ν sup
x∈R

sup
r≥1

r−λ2 = 2ν,

J22 = sup
x∈R

sup
r≥1

r−λ
∥∥∥sin νy

y

∥∥∥
L1((x−r,x+r)∩c(−1,1))

= max{J221, J222},

ãäå

J221 = sup
r≥1

sup
|x|≤2r

∥∥∥sin νy
y

∥∥∥
L1((x−r,x+r)∩c(−1,1))

≤ ν sup
r≥1

r−λ
(∫ −1

−3r

+

∫ 3r

1

)dy
|y|

= 2ν sup
r≥1

r−λ ln 3r =
2ν3λ

eλ
,

J222 = sup
r≥1

sup
|x|>2r

∥∥∥sin νy
y

∥∥∥
L1((x−r,x+r)∩c(−1,1))

≤ sup
r≥1

sup
|x|≥2r

∥∥∥ 1

|y|

∥∥∥
L1(x−r,x+r)

= sup
r≥1

r−λ sup
x≥2r

∫ x+r

x−r

dy

y
= sup

r≥1
r−λ sup

x≥2r
ln
x+ r

x− r
= ln 3.

Åñëè n > 1, òî äîñòàòî÷íî ó÷åñòü, ÷òî ñîãëàñíî íåðàåíñòâó (1.39), êîòîðîå

áóäåò äîêàçàíî â ðàçäåëå 5,∥∥∥ n∏
j=1

sin νxj
xj

∥∥∥
Mλ

1 (Rn)
≤

∥∥∥sin νx
x

∥∥∥n
Mλ

1 (R)
.

Çàìå÷àíèå 1.2. Íåðàâåíñòâî (1.9) (îñîáåííî ïðè λ = 1) ÿâëÿåòñÿ åùå îäíèì

àíàëîãîì íåðàâåíñòâà Áåðíøòåéíà äëÿ ïðîñòðàíñòâ Ìîððè.

Çàìå÷àíèå 1.3. Äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî ñïðàâåäëèâû íåðàâåíñòâà

Áåðíøòåéíà, àíàëîãè÷íûå íåðàâåíñòâó (1.9) ñ çàìåíîé ∥g∥Mλ
p (Rn) íà ∥g∥hλp(Rn)

è íåðàâåíñòâó (1.10) ñ çàìåíîé ∥g∥
M̂λ

p (Rn)
íà ∥g∥Hλ

p (Rn) (cì. êíèãó [34], ðàçäåë

4.4.4).
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1.3. Íåðàâåíñòâî ðàçíûõ ìåòðèê äëÿ ïðîñòðàíñòâ Ìîððè Mλ

p (Rn)

Ïðåæäå âñåãî ìû ïðèâåäåì íåîáõîäèìûå äëÿ äàëüíåéøåãî îïðåäåëåíèÿ è

ôàêòû, îòíîñÿùèåñÿ ê òåîðèè ïðåîáðàçîâàíèé Ôóðüå.

Îïðåäåëåíèå 1.2. Ïóñòü ôóíêöèè f, g ∈ L1(Rn), òîãäà ñâåðòêîé íàçûâàåòñÿ

ôóíêöèÿ f ∗ g : Rn → Rn, îïðåäåëåííàÿ ðàâåíñòâîì

(f ∗ g)(t) =
∫
Rn

f(t− τ)g(τ)dτ, t ∈ Rn.

Ëåììà 1.1. Ïóñòü 1 ≤ p ≤ q ≤ ∞, 1
q +

1
q′ = 1, f ∈ Lq′(Rn) è g ∈ Mν,p(Rn).

Òîãäà äëÿ ëþáûõ x, y ∈ Rn

|(f ∗ g)(x)− (f ∗ g)(y)| ≤M∥f∥Lq′(Rn)∥g∥Lp(Rn)|x− y|,

ãäå M = 2nnν1+
1
q−

1
p .

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ íåðàâåíñòâî Ã¼ëüäåðà, ñëåäñòâèå 7 èç êíèãè [26],

à òàêæå íåðàâåíñòâà (1) è (2), ïîëó÷èì, ÷òî

|(f ∗g)(x)− (f ∗g)(y)| = |(g ∗f)(x)− (g ∗f)(y)| =
∣∣∣∣ ∫
Rn

(g(x−z)−g(y−z))f(z)dz
∣∣∣∣

≤ ∥g(x− z)− g(y − z)∥Lq(Rn)∥f∥Lq′(Rn)

≤
( n∑

j=1

∥∥∥∥ ∂g∂xj
∥∥∥∥
Lq(Rn)

)
∥f∥Lq′(Rn)|x− y|

≤ nν∥g∥Lq(Rn)∥f∥Lq′(Rn)|x− y|

≤ 2nnν1+
1
q−

1
p∥f∥Lq′(Rn)∥g∥Lp(Rn)|x− y|.
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Îïðåäåëåíèå 1.3. Ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè f ∈ L1(Rn) çàäà¼òñÿ ñëå-

äóþùåé ôîðìóëîé:

(Ff)(ξ) =
1

(2π)n/2

∫
Rn

f(x)e−iξ·xdx, ξ ∈ Rn, (1.13)

ξ · x = ξ1x1 + · · ·+ ξnxn.

Îïðåäåëåíèå 1.4. Åñëè f ∈ Lp(Rn), ãäå 1 < p ≤ 2, òî ïðåîáðàçîâàíèå Ôóðüå

çàäàåòñÿ ðàâåíñòâîì

(Ff)(ξ) = lim
r→∞

(
F (fχB(0,r))

)
(ξ) Lp′(Rn), (1.14)

ãäå p′ = p
p−1

(
1
p +

1
p′ = 1

)
. (Ýòî ðàâåíñòâî ñïðàâåäëèâî è ïðè ð=1 äëÿ ïðåîáðà-

çîâàíèÿ Ôóðüå Ff , çàäàâàåìîãî ðàâåíñòâîì (1.13).)

Çàìå÷àíèå 1.4. Ïðè ýòîì Ff ∈ Lp′(Rn),

∥Ff∥L2(Rn) = ∥f∥L2(Rn),

(ðàâåíñòâî Ïàðñåâàëÿ), ïðè 1 ≤ p < 2

∥Ff∥Lp′(Rn) ≤ (2π)n(
1
2−

1
p )

(
p

1
p

p′
1
p′

)n
2

∥f∥Lp(Rn) ≤ (2π)n(
1
2−

1
p )∥f∥Lp(Rn), (1.15)

(íåðàâåíñòâî Õàóñäîðôà-Þíãà-Áåêíåðà, ïîñòîÿííàÿ (2π)n(
1
2−

1
p )

(
p
1
p

p′
1
p′

)n
2

ÿâëÿ-

åòñÿ òî÷íîé).

Îïðåäåëåíèå 1.5. Åñëè f ∈ Lp(Rn), ãäå 1 ≤ p ≤ ∞, òî ïðåîáðàçîâàíèå Ôóðüå

Ff îïðåäåëÿåòñÿ â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé Øâàðöà S ′(Rn) êàê

ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë íà S(Rn), çàäàâàåìûé ðàâåíñòâîì

(Ff, φ) = (f, Fφ) =

∫
Rn

f(x)(Fφ)(x)dx ∀φ ∈ S(Rn).
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Çàìå÷àíèå 1.5. Åñëè 1 ≤ p ≤ 2, òî, ïîñêîëüêó fFφ ∈ L1(Rn), ñîãëàñíî

òåîðåìå Ôóáèíè∫
Rn

f(x)(Fφ)(x)dx = lim
r→∞

∫
Rn

f(x)χB(0,r)(x)(Fφ)(x)dx

= (2π)−
n
2 lim
r→∞

∫
Rn

f(x)χB(0,r)(x)

(∫
Rn

φ(ξ)e−iξ·xdξ

)
dx

= (2π)−
n
2 lim
r→∞

∫
Rn

(∫
Rn

f(x)χB(0,r)(x)e
−iξ·xdx

)
φ(ξ)dξ

= lim
r→∞

∫
Rn

(
F (f(x)χB(0,r)

)
(ξ)φ(ξ)dξ

=

∫
Rn

(Ff)(ξ)φ(ξ)dξ,

òàê êàê ñîãëàñíî (1.15) Ff ∈ Lp′(Rn) è ñîãëàñíî (1.14)∣∣∣∣ ∫
Rn

(
F (fχB(0,r))(ξ)− (Ff)(ξ)

)
φ(ξ)dξ

∣∣∣∣
≤

∥∥(F (fχB(0,r)))(ξ)− (Ff)(ξ)
∥∥
Lp′(Rn)

∥∥φ(ξ)∥∥
Lp(Rn)

→ 0

ïðè r → ∞. Òàêèì îáðàçîì, ïðè 1 ≤ p ≤ 2

(Ff, φ) = (f, Fφ) =

∫
Rn

(Ff)(ξ)φ(ξ)dξ ∀φ ∈ S(Rn).

Ñëåäîâàòåëüíî, Ff ÿâëÿåòñÿ ðåãóëÿðíîé îáîáùåííîé ôóíêöèåé, ïîðîæäàåìîé

ïðåîáðàçîâàíèåì Ôóðüå Ff ∈ Lp′(Rn), çàäàâàåìûì ðàâåíñòâîì (1.13) ïðè p=1

è ðàâåíñòâîì (1.14) ïðè 1 < p ≤ 2.

Òåîðåìà 1.3. (Òåîðåìà Ë. Øâàðöà, ñì., íàïðèìåð, êíèãó [36]) Åñëè g ∈

Mν,p(Rn) è 1 ≤ p ≤ ∞, òî ïðåîáðàçîâàíèå Ôóðüå Fg, ïîíèìàåìîå â ñìûñ-

ëå òåîðèè îáîáùåííûõ ôóíêöèé èç ïðîñòðàíñòâà Øâàðöà S ′(Rn), ðàâíî íóëþ

âíå çàìûêàíèÿ êóáà

∆ν = {|xj| < ν, j = 1, . . . , n}.
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Çàìå÷àíèå 1.6. Íàïîìíèì, ÷òî äëÿ φ, g ∈ L1(Rn)

(F (φ ∗ g))(ξ) = (2π)
n
2 (Fφ)(ξ)(Fg)(ξ), ξ ∈ Rn. (1.16)

Èç (1.16) ñðàçó ñëåäóåò, ÷òî åñëè (Fφ)(ξ) = (2π)−
n
2 äëÿ ëþáîãî ξ ∈ supp Fg,

òî F (φ ∗ g) = Fg è

g(x) = (φ ∗ g)(x) (1.17)

äëÿ ïî÷òè âñåõ x ∈ Rn. Åñëè φ ∈ L1(Rn), g ∈ Mν,1(Rn) è (Fφ)(ξ) = (2π)−
n
2 äëÿ

ëþáûõ ξ ∈ ∆ν, òî îáå ôóíêöèè g è, ñîãëàñíî ëåììå 1.1 ñ f = φ, p = 1, q = ∞,

ñâåðòêà φ ∗ g íåïðåðûâíû íà Rn, ïîýòîìó ðàâåíñòâî (1.17) èìååò ìåñòî äëÿ

ëþáûõ x ∈ Rn.

Îïðåäåëåíèå 1.6. Ïóñòü 1 ≤ p ≤ ∞, ν > 0. Áóäåì ãîâîðèòü, ÷òî φ ∈

Jν,p(Rn), åñëè φ ∈ Lp(Rn) è ïðåîáðàçîâàíèå Ôóðüå Fφ, ïîíèìàåìîå, âîîáùå

ãîâîðÿ, â ñìûñëå òåîðèè îáîáùåííûõ ôóíêöèé èç ïðîñòðàíñòâà S ′(Rn), ðàâíî

(2π)−
n
2 íà ∆ν.

Ïðèìåð. Ïðè 1 < p ≤ ∞ ôóíêöèÿ

φν.n(x) = (2π)−
n
2F−1(χ

∆ν
)(x) = π−n

n∏
j=1

sin νxj
xj

(1.18)

ïðèíàäëåæèò ïðîñòðàíñòâó Jν,p(Rn). Îòìåòèì, ÷òî

∥φν,n∥L∞(Rn) =
(ν
π

)n
, ∥φν,n∥L2(Rn) = ∥Fφν,n∥L2(Rn) =

(ν
π

)n
2

.

Òåîðåìà 1.4. Ïóñòü 1 ≤ p <∞, φ ∈ Jν,p′(Rn), g ∈ Mν,p(Rn). Òîãäà ðàâåíñòâî

(1.17) ñïðàâåäëèâî äëÿ âñåõ x ∈ Rn.

Çàìå÷àíèå 1.7. Ïðè äðóãèõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ôóíêöèè φ ýòî

óòâåðæäåíèå äîêàçàíî â êíèãå [36], ëåììà 8.5.2 è â ñòàòüå [28], ðàçäåë 3,

ëåììà 1.
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Äîêàçàòåëüñòâî. 1. Ïóñòü ñíà÷àëà ïðåîáðàçîâàíèå Ôóðüå Fφ ðàâíî (2π)−

n
2 íà

∆µ äëÿ íåêîòîðîãî µ > ν.

1.1. Ïðåäïîëîæèì, ÷òî φ ∈ S(Rn) è g ∈ Mν,p(Rn)
⋂
S(Rn). Òîãäà Fg ∈ S(Rn)

è äëÿ ëþáûõ x ∈ Rn

g(x) = (F−1Fg)(x) = (2π)−
n
2

∫
Rn

eix·ξ(Fg)(ξ)dξ =
(
(2π)−

n
2 , eix·ξ(Fg)(ξ)

)
.

Òàê êàê supp eix·ξ(Fg)(ξ) ⊂ ∆̄ν ⊂ ∆µ, òî ñîãëàñíî îïðåäåëåíèþ ðàâåíñòâà îáîá-

ùåííûõ ôóíêöèé è ïðåîáðàçîâàíèÿ Ôóðüå â S ′(Rn)

g(x) =
(
(2π)−

n
2 , eix·ξ(Fg)(ξ)

)
= (Fφ, eix·ξ(Fg)(ξ)) = (φ, F (eix·ξ(Fg)(ξ)))

=

∫
Rn

φ(y)(F (eix·ξ(Fg)(ξ)))(y)dy.

Cîãëàñíî ñâîéñòâàì ïðåîáðàçîâàíèÿ Ôóðüå

(F (eix·ξh(ξ)))(y) = (Fh)(y − x), h ∈ L1(Rn)

è

FFg = g_, g ∈ S(Rn)

ãäå g_(x) = g(−x), x ∈ Rn. Ïîýòîìó

g(x) =

∫
Rn

φ(y)(FFg)(y − x)dy =

∫
Rn

φ(y)g_(y − x)dx

=

∫
Rn

φ(y)g(x− y)dx = (g ∗ φ)(x) = (φ ∗ g)(x). (1.19)

1.2. Â îáùåì ñëó÷àå âûáåðåì ôóíêöèè φk ∈ S(Rn) è

gk ∈ Mν,p(Rn)
⋂
S(Rn), k ∈ N, òàêèå, ÷òî φk → φ è gk → g ñëàáî â S ′(Rn), ò.å.

lim
k→∞

(φk, ψ) = (φ, ψ), lim
k→∞

(gk, ψ) = (g, ψ) ∀ψ ∈ S(Rn).
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Ñïîñîá ïîñòðîåíèÿ òàêèõ ôóíêöèé φk è gk ïðèâåäåí â êíèãå [36], ðàçäåë 1.5.8.

Ïðèìåíÿÿ ðàâåíñòâî (1.19) ê ôóíêöèÿì φk è gk è ïåðåõîäÿ ê ïðåäåëó ïðè k →

∞, ïîëó÷èì, ÷òî

(g, ψ) = (φ ∗ g, ψ) ∀ψ ∈ S(Rn) ⇐⇒∫
Rn

g(x)ψ(x)dx =

∫
Rn

(φ ∗ g)(x)ψ(x)dx ∀ψ ∈ S(Rn), (1.20)

ïîñêîëüêó g ∈ Lp(Rn) è φ∗g ∈ L∞(Rn) (òàê êàê ñîãëàñíî íåðàâåíñòâó Ãåëüäåðà

|(φ ∗ g)(x)| =
∣∣∣∣ ∫
Rn

φ(x− y)g(y)dy

∣∣∣∣ ≤ ∥φ∥Lp′(Rn)∥g∥Lp(Rn)

)
.

Ñîãëàñíî îñíîâíîé ëåììå âàðèàöèîííîãî èñ÷èñëåíèÿ èç ðàâåíñòâà (1.20) ñëå-

äóåò ðàâåíñòâî (1.17) äëÿ ïî÷òè âñåõ x ∈ Rn. Ôóíêöèÿ g è ñîãëàñíî ëåììå 1.1

ôóíêöèÿ φ ∗ g íåïðåðûâíû íà Rn, îòêóäà ñëåäóåò, ÷òî ðàâåíñòâî (1.20) âûïîë-

íÿåòñÿ äëÿ ëþáûõ x ∈ Rn.

2. Ïóñòü òåïåðü ïðåîáðàçîâàíèå Ôóðüå Fφ ðàâíî (2π)−
n
2 íà ∆ν.

Ïóñòü Tα, α > 0, - îïåðàòîð ðàñòÿæåíèÿ: (Tαf)(x) = f(αx) äëÿ f ∈ Lloc1 (Rn)

è (Tαf, ψ) = 1
αn (f, T 1

α
ψ) äëÿ f ∈ S ′(Rn) äëÿ ëþáûõ ψ ∈ S(Rn). Îòìåòèì, ÷òî

F (Tαf) =
1
αnT 1

α
(Ff) äëÿ f ∈ S ′(Rn) (ñì., íàïðèìåð, [27], ãëàâà 2, ðàçäåë 9.3e).

2.1. Ïóñòü òåïåðü φµ = (µν )
nTµ

ν
φ. Äîêàæåì, ÷òî Fφµ = (2π)−

n
2 íà ∆µ. Äåé-

ñòâèòåëüíî, äëÿ ëþáûõ ψ ∈ S(Rn)

(Fφµ, ψ) =
(µ
ν

)n
(F (Tµ

ν
φ), ψ) = (Tµ

ν
(Fφ), ψ) =

(µ
ν

)n
((Fφ), Tµ

ν
ψ).

Ïðåäïîëîæèì, ÷òî supp ψ ⊂ ∆µ. Òîãäà ñóùåñòâóåò 0 < ε < µ (ε çàâèñèò îò

supp ψ) òàêîå, ÷òî supp ψ ⊂ ∆µ−ε. Ïóñòü x ∈ Rn ëþáàÿ òî÷êà òàêàÿ, ÷òî

(Tµ
ν
ψ)(x) ̸= 0, ò.å. ψ(µxν ) ̸= 0. Òîãäà µx

ν ∈ supp ψ ⊂ ∆µ−ε, çíà÷èò x ∈ ν
µ∆µ−ϵ =

∆ν−νε
µ
. Ñëåäîâàòåëüíî, supp Tµ

ν
ψ ⊂ ∆ν−νε

µ
⊂ ∆ν. Òàê êàê Fφ = (2π)−

n
2 íà ∆ν è
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supp Tµ

ν
ψ ⊂ ∆ν, òî

(Fφ, Tµ
ν
ψ) = ((2π)−

n
2 , Tµ

ν
ψ) = (2π)−

n
2

∫
Rn

ψ
(µx
ν

)
dx

=
(ν
µ

)n
(2π)−

n
2

∫
Rn

ψ(y)dy =
(ν
µ

)n
((2π)−

n
2 , ψ),

çíà÷èò, (Fφµ, ψ) = ((2π)−
n
2 , ψ) äëÿ ëþáûõ ψ ∈ S(Rn) òàêèõ, ÷òî supp ψ ⊂ ∆µ,

ò.å. Fφµ = (2π)−
n
2 íà ∆µ.

Ñîãëàñíî ïóíêòó 1 äîêàçàòåëüñòâà äëÿ ëþáûõ x ∈ Rn

g(x) = (φµ ∗ g)(x) =
(µ
ν

)n ∫
Rn

φ
(µ
ν
(x− y)

)
g(y)dy =

(µ
ν
y = z

)

=

∫
Rn

φ
(µx
ν

− z
)
g
(νz
µ

)
dz.

Ïîëîæèì gµ(z) = g(νµz), z ∈ Rn è x = νu
µ . Òîãäà

gµ(u) = (φ ∗ gµ)(u), u ∈ Rn.

2.2. Î÷åâèäíî, ÷òî limµ→ν+0 gµ(u) = g(u). Äîêàæåì, ÷òî

lim
µ→ν+0

(φ ∗ gµ)(u) = (φ ∗ g)(u).

Ñîãëàñíî íåðàâåíñòâó Ã¼ëüäåðà äëÿ ëþáûõ u ∈ Rn

|(φ ∗ gµ)(u)− (φ ∗ g)(u)| = |(φ ∗ (gµ − g))(u)| ≤ ∥φ∥Lp′(Rn)∥gµ − g∥Lp(Rn),

ãäå äëÿ ëþáûõ r > 0 ïðè ν < µ ≤ 2ν

∥gµ − g∥Lp(Rn) ≤ ∥gµ − g∥Lp(B(0,r)) + ∥gµ − g∥Lp(
cB(0,r))

≤ (vnr
n)

1
p

∥∥∥gµ − g
∥∥∥
L∞(B(0,r))

+ ∥gµ∥Lp(
cB(0,r)) + ∥g∥Lp(

cB(0,r)). (1.21)
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Äàëåå

∥gµ∥Lp(
cB(0,r)) =

∥∥∥g(νu
µ

)∥∥∥
Lp(

cB(0,r))
=

(µ
ν

)n
p∥g∥Lp(

cB(0,νrµ )) ≤ 2
n
p∥g∥Lp(

cB(0, r2 ))

è, ñîãëàñíî ôîðìóëå Ëàãðàíæà è íåðàâåíñòâó Áåðíøòåéíà (1) ñ p = ∞ äëÿ

ëþáûõ u ∈ B(0, r) äëÿ íåêîòîðûõ ξ ∈ (νuµ , u)

|gµ(u)− g(u)| =
∣∣∣g(νu

µ

)
− g(u)

∣∣∣ = ∣∣∣ n∑
j=1

∂g

∂xj
(ξ)

(νuj
µ

− uj

)∣∣∣
≤

(
1− ν

µ

) n∑
j=1

∥∥∥ ∂g
∂xj

∥∥∥
L∞(Rn)

|uj| ≤
(
1− ν

µ

)
νnr∥g∥L∞(Rn).

Òàêèì îáðàçîì, èñïîëüçóÿ åùå íåðàâåíñòâî (5) ñ q = ∞, ïîëó÷èì, ÷òî

∥gµ − g∥L∞(B(0,r)) ≤

è, ñîãëàñíî (1.21),

∥gµ − g∥Lp(Rn) ≤M1

(
1− ν

µ

)
∥g∥Lp(Rn) +M2∥g∥Lp(

cB(0, r2 ))
,

ãäå M1 = (vnr
n)

1
pn2nν1+

n
p r, M2 = 2

n
p + 1.

Ïåðåõîäÿ â ýòîì íåðàâåíñòâå ê ïðåäåëó ñíà÷àëà ïðè µ → ν + 0 , à ïîòîì,

ó÷èòûâàÿ, ÷òî p < ∞, ïðè r → ∞, ïîëó÷èì, ÷òî1 limµ→ν+0 ∥gµ − g∥Lp(Rn) = 0,

îòêóäà è ñëåäóåò ðàâåíñòâî (1.17) äëÿ ëþáûõ x ∈ Rn.

Ñëåäñòâèå 1.2. Â ÷àñòíîñòè, ðàâåíñòâî (1.17) èìååò ìåñòî ïðè ëþáûõ 1 ≤

p <∞ è g ∈ Mν,p(Rn) äëÿ ôóíêöèè φν,n, îïðåäåëåííîé ðàâåíñòâîì (1.18).

Çàìå÷àíèå 1.8. Óñëîâèå p < ∞ èñïîëüçîâàëîñü òîëüêî âî âòîðîé ÷àñòè äî-

êàçàòåëüñòâà. Ïðè p = ∞ ñîãëàñíî ïåðâîé ÷àñòè äîêàçàòåëüñòâà ðàâåíñòâî

(1.17) ñïðàâåäëèâî, åñëè g ∈ Mν,∞ è φ ∈ Jµ,1 äëÿ íåêîòîðîãî µ > ν.
1Åñëè p = ∞, òî ýòî ðàâåíñòâî èìååò ìåñòî ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè limx→∞ g(x) = 0.
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Òåîðåìà 1.5. (Íåðàâåíñòâî òèïà Þíãà äëÿ ïðîñòðàíñòâ Ìîððè, ñì. [26])

Ïóñòü

1 ≤ r, p ≤ q ≤ ∞, 0 ≤ β1, β2 ≤ 1,

1

r
+

1

p
=

1

q
+ 1,

β1
r

+
β2
p

=
1

q
, 0 ≤ λ1 ≤

n

r
, 0 ≤ λ2 ≤

n

p

è

f1 ∈ M̂λ1
r (Rn) , f2 ∈ M̂λ2

p (Rn).

òîãäà

∥f1 ∗ f2∥Mβ1λ1+β2λ2
q (Rn)

≤ ∥f1∥β1
M

λ1
r (Rn)

∥f1∥1−β1Lr(Rn)∥f2∥
β2

M
λ2
p (Rn)

∥f2∥1−β2Lp(Rn).

Ñëåäñòâèå 1.3. Ïóñòü

1 ≤ p < q ≤ ∞, 1 +
1

q
=

1

r
+

1

p
,

f1 ∈ Lr(Rn) è f2 ∈ M̂λ
p (Rn). Òîãäà

∥f1 ∗ f2∥
M

pλ
q

q (Rn)
≤ ∥f1∥Lr(Rn)∥f2∥

p
q

Mλ
p (Rn)

∥f2∥
1−p

q

Lp(Rn). (1.22)

Òåîðåìà 1.6. Ïóñòü 1 ≤ p ≤ q ≤ ∞, p < ∞, 1 + 1
q = 1

r +
1
p , 0 ≤ λ ≤ n

p ,

òîãäà

∥g∥
M

pλ
q

q (Rn)
≤ c2ν

n( 1p−
1
q )∥g∥

p
q

Mλ
p (Rn)

∥g∥1−
p
q

Lp(Rn) (1.23)

äëÿ ëþáûõ ν > 0 è g ∈ Eν(Rn) ∩ M̂λ
p (Rn), ãäå

c2 = c2(n, p, q) = inf
ψ∈J1,p′(Rn)

∥ψ∥Lr(Rn), (1.24)

â ïðåäïîëîæåíèè, ÷òî c2 <∞.

Äîêàçàòåëüñòâî. 1. Ïóñòü ñíà÷àëà ν = 1. Ðàññìîòðèì ôèêñèðîâàííóþ ôóíê-

öèþ ψ ∈ J1,p′(Rn). Òîãäà ñîãëàñíî ðàâåíñòâó (1.17) è íåðàâåíñòâó (1.22) ñ

f1 = ψ, f2 = g

∥g∥
M

pλ
q

q (Rn)
= ∥ψ ∗ g∥

M
pλ
q

q (Rn)
≤ ∥ψ∥Lr(Rn)∥g∥

p
q

Mλ
p (Rn)

∥g∥1−
p
q

Lp(Rn). (1.25)
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Âçÿâ èíôèìóì ïî âñåì ψ ∈ J1,p′(Rn), ïîëó÷èì èñêîìîå íåðàâåíñòâî äëÿ ν = 1.

2. Åñëè ν > 0, ν ̸= 1 è g ∈ Eν(Rn) ∩ M̂λ
p (Rn), òî g(xν ) ∈ E1(Rn) ∩ M̂λ

p (Rn),

ïîýòîìó ñîãëàñíî ðàâåíñòâó (1.2) è íåðàâåíñòâó (1.25)

∥g(x)∥
M

pλ
q

q (Rn)
=

(
x =

y

ν

)
= ν

pλ
q −n

q

∥∥∥∥g(yν
)∥∥∥∥

M
pλ
q

q (Rn)

≤ c2ν
pλ
q −n

q

∥∥∥∥g(yν
)∥∥∥∥p

q

Mλ
p (Rn)

∥∥∥∥g(yν
)∥∥∥∥1−p

q

Lp(Rn)

= (y = νx) = c2ν
pλ
q −n

q ν(
n
p−λ)

p
q∥g∥

p
q

Mλ
p (Rn)

ν(1−
p
q )

n
p∥g∥1−

p
q

Lp(Rn)

= c2ν
n( 1p−

1
q )∥g∥

p
q

Mλ
p (Rn)

∥g∥1−
p
q

Lp(Rn).

Ñëåäñòâèå 1.4. Â ïðåäïîëîæåíèÿõ òåîðåìû 1.6

∥g∥
M̂

pλ
q

q (Rn)
≤ cνn(

1
p−

1
q )∥g∥

M̂λ
p (Rn)

(1.26)

äëÿ ëþáûõ ν > 0 è g ∈ Eν(Rn) ∩ M̂λ
p (Rn).

Äîêàçàòåëüñòâî. Â ñèëó ôîðìóëû (1.23) ñ λ = 0 è ñ 0 < λ ≤ n
p

∥g∥Lq(Rn) ≤ c2ν
n( 1p−

1
q )∥gν∥Lp(Rn) ≤ c2ν

n( 1p−
1
q )∥g∥

M̂λ
p (Rn)

è

∥g∥
M

pλ
q

q (Rn)
≤ c2ν

n( 1p−
1
q )∥g∥

M̂λ
p (Rn)

,

îòêóäà è ñëåäóåò íåðàâåíñòâî (1.26).

Ñëåäñòâèå 1.5. Åñëè â äîïîëíåíèå ê ïðåäïîëîæåíèÿì òåîðåìû 1.6,

1 ≤ p ≤ min{2, q} 1

p
− 1

q
≥ 1

2
⇐⇒ q ≥ 2p

2− p
,

òî

∥g∥
M

pλ
q

q (Rn)
≤

(
(r′)

1
r′

r
1
r

)n
2(ν
π

)n( 1p− 1
q )∥g∥

p
q

Mλ
p (Rn)

∥g∥1−
p
q

Lp(Rn)
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è

∥g∥
M̂

pλ
q

q (Rn)
≤

(
(r′)

1
r′

r
1
r

)n
2(ν
π

)n( 1p− 1
q )∥g∥

M̂λ
p (Rn)

,

â ÷àñòíîñòè, ïðè q = ∞ äëÿ ëþáûõ 1 ≤ p ≤ 2 è g ∈ Mp,ν(Rn)

∥g∥L∞(Rn) ≤
(

p
1
p

(p′)
1
p′

)n
2(ν
π

)n
p∥g∥Lp(Rn), (1.27)

à ïðè p = 2 è p = 1

∥g∥L∞(Rn) ≤
(ν
π

)n
2 ∥g∥L2(Rn), (1.28)

∥g∥L∞(Rn) ≤
(ν
π

)n
∥g∥L1(Rn), (1.29)

Äîêàçàòåëüñòâî. Ðàññìîòðèì â êà÷åñòâå ôóíêöèè ψ â (1.24) ôóíêöèþ φν,n,

îïðåäåëåííóþ ðàâåíñòâîì (1.18). Òîãäà ñîãëàñíî (1.24) è íåðàâåíñòâó (1.15) ñ p,

çàìåíåííûì íà r′ (â ñèëó ñäåëàííûõ ïðåäïîëîæåíèé 1 ≤ r′ ≤ 2)

c2(n, p, q) ≤ ∥φν,n∥Lr(Rn) = (2π)−
n
2 ∥Fχ

∆ν
∥Lr(Rn)

≤ (2π)−
n
2 (2π)n(

1
2−

1
r′ )

(
(r′)

1
r′

r
1
r

)n
2

∥χ
∆ν
∥Lr′(Rn)

=

(
(r′)

1
r′

r
1
r

)n
2

(2π)−
1
r′ (2ν)

1
r′ =

(
(r′)

1
r′

r
1
r

)n
2(ν
π

) 1
r′
,

îòêóäà è ñëåäóþò èñêîìûå íåðàâåíñòâà.

Çàìå÷àíèå 1.9. Ïîñòîÿííàÿ
(
ν
π

)n
2 â íåðàâåíñòâå (1.28) ÿâëÿåòñÿ òî÷íîé. Ðà-

âåíñòâî äîñòèãàåòñÿ äëÿ ôóíêöèè g = φν,n.

Çàìå÷àíèå 1.10. Â ñòàòüÿõ [30] è [31] ïðè 1 ≤ p ≤ 2 äðóãèì ñïîñîáîì

äîêàçàíî íåðàâåíñòî

∥g∥L∞(Rn) ≤
(ν
π

)n
p∥g∥Lp(Rn) (1.30)

äëÿ ëþáûõ g ∈ Mν,p, â ÷àñòíîñòè, íåðàâåíñòâà (1.28) è (1.29). Åñëè 1 < p < 2,

òî ïîñòîÿííàÿ â íåðàâåíñòâå (1.27) ìåíüøå, ÷åì ïîñòîÿííàÿ â íåðàâåíñòâå
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(1.30). Â [33] íåðàâåíñòâî âèäà (1.27) òàêæå äîêàçàíî ñ íåêîòîðîé (äðóãîé)

ïîñòîÿííîé, ìåíüøåé, ÷åì
(
ν
π

)n
p . Ïîäîáíûå íåðàâåíñòâà ïðè 2 < p <∞ óñòà-

íîâëåíû â [37], [31], [32], [32].

Ñëåäñòâèå 1.6. Åñëè â äîïîëíåíèå ê ïðåäïîëîæåíèÿì òåîðåìû 1.6,

1 ≤ p ≤ 2
1

p
− 1

q
=

1

2
⇐⇒ q =

2p

2− p
⇐⇒ r = 2,

òî

∥g∥
M

(1−p
2 )λ

2p
2−p

(Rn)
≤

(ν
π

)n
2 ∥g∥1−

p
2

Mλ
p (Rn)

∥g∥
p
2

Lp(Rn),

∥g∥
M̂

(1−p
2 )λ

2p
2−p

(Rn)
≤

(ν
π

)n
2 ∥g∥

M̂λ
p (Rn)

,

â ÷àñòíîñòè,

∥g∥
M

λ
2
2 (Rn)

≤
(ν
π

)n
2 (∥g∥Mλ

1 (Rn)∥g∥L1(Rn)

) 1
2 ,

∥g∥
M̂

λ
2
2 (Rn)

≤
(ν
π

)n
2 ∥g∥

M̂λ
1 (Rn)

,

Çàìå÷àíèå 1.11. (Íåóëó÷øàåìîñòü ïîêàçàòåëÿ p
qλ â íåðàâåíñòâå ðàçíûõ

ìåòðèê) Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðûõ µ ≥ 0 è c > 0 äëÿ ëþáûõ ν > 0 è

g ∈ Eν(Rn) ∩ M̂λ
p (Rn) âûïîëíÿòñÿ íåðàâåíñòâî

∥g∥Mµ
q (Rn) ≤ cνn(

1
p−

1
q )∥g∥

p
q

Mλ
p (Rn)

∥g∥1−
p
q

Lp(Rn). (1.31)

Òîãäà µ = λp
q .

Äåéñòâèòåëüíî, ýòî íåðàâåíñòâî òàêæå âûïîëíÿåòñÿ è äëÿ ôóíêöèé

gε(x) = g(εx), x ∈ Rn äëÿ ëþáîãî ε > 0. Áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ g

íå ýêâèâàëåíòíà 0 íà Rn. Òàê êàê gε ∈ Eεν ∩Mλ
p (Rn), òî ñîãëàñíî (1.31) è

ðàâåíñòâó (1.2)

εµ−
n
q ∥g∥Mµ

q (Rn) ≤ cεn(
1
p−

1
q )νn(

1
p−

1
q )ε(λ−

n
p )

p
q∥g∥

p
q

Mλ
p (Rn)

ε−
n
p (1−

p
q )∥g∥1−

p
q

Lp(Rn),
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çíà÷èò, äëÿ ëþáîãî ε > 0

εµ−
n
q ≤ c̃εn(

1
p−

1
q )+(λ−n

p )
p
q+−n

p (1−
p
q ),

ãäå

c̃ = c∥g∥−1
Mµ

q (Rn)
νn(

1
p−

1
q )∥g∥

p
q

Mλ
p (Rn)

∥g∥1−
p
q

Lp(Rn),

èëè

εµ−
λp
q ≤ c̃,

÷òî âîçìîæíî, òîëüêî åñëè µ = λp
q .
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1.4. Íåðàâåíñòâî ðàçíûõ èçìåðåíèé äëÿ ïðîñòðàíñòâ Ìîððè Mλ

p (Rn)

Îïðåäåëåíèå 1.7. Ïóñòü

0 < p1, p2 ≤ ∞, m1,m2 ∈ N, 0 ≤ λ1 ≤
m1

p1
, 0 ≤ λ2 ≤

m2

p2
. (1.32)

Îïðåäåëèì ïðîñòðàíñòâî

Mλ1
p1
(Rm1)×Mλ2

p2
(Rm2)

ñî ñìåøàííîé êâàçèíîðìîé êàê ìíîæåñòâî âñåõ èçìåðèìûõ íà Rm1+m2 ôóíê-

öèé f , äëÿ êîòîðûõ

∥f∥
M

λ1
p1 (Rm1)×Mλ2

p2 (Rm2)
= ∥∥f(u1, u2)∥Mλ1

p1,u1(Rm1)
∥
M

λ2
p2,u2(Rm2)

<∞.

Àíàëîãè÷íî îïðåäåëÿþòñÿ ïðîñòðàíñòâà

M̂λ1
p1
(Rm1)× M̂λ2

p2
(Rm2).

Îòìåòèì íåêîòîðûå ñâîéñòâà ýòèõ ïðîñòðàíñòâ.

Ëåììà 1.2. Ïóñòü âûïîëíåíû óñëîâèÿ (1.32), f1 ∈Mλ1
p (Rm1) f2 ∈Mλ2

p (Rm2).

Òîãäà f1f2 ∈Mλ1
p (Rm1)×Mλ2

p (Rm2) è

∥f1f2∥Mλ1
p (Rm1)×Mλ2

p (Rm2)
= ∥f1∥Mλ1

p (Rm1)
∥f2∥Mλ2

p (Rm2)
. (1.33)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî,

∥f1f2∥Mλ1
p (Rm1)×Mλ2

p (Rm2)
= ∥∥f1(u1)f2(u2)∥Mλ1

p,u1(Rm1)
∥
M

λ2
p,u2(Rm2)

= ∥ |f2(u2)| ∥f1(u1)∥Mλ1
p,u1(Rm1)

∥
M

λ2
p,u2(Rm2)

= ∥f1∥Mλ1
p (Rm1)

∥f2∥Mλ2
p (Rm2)

.
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Çàìå÷àíèå 1.1. Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî óòâåæäåíèå ëåììû 1.2 ñïðà-

âåäëèâî ïðè çàìåíå Mλ1
p (Rm1), Mλ2

p (Rm2) íà M̂λ1
p (Rm1), M̂λ2

p (Rm2):

∥f1f2∥M̂λ1
p (Rm1)×M̂λ2

p (Rm2)
= ∥f1∥M̂λ1

p (Rm1)
∥f2∥M̂λ2

p (Rm2)
. (1.34)

Ëåììà 1.3. Ïóñòü âûïîëíåíû óñëîâèÿ (1.32). Òîãäà

Mλ1
p (Rm1)×Mλ2

p (Rm2) ⊂Mλ1+λ2
p (Rm1+m2), (1.35)

ïðè÷åì

∥f∥
M

λ1+λ2
p (Rm1+m2)

≤ ∥f∥
M

λ1
p (Rm1)×Mλ2

p (Rm2)
(1.36)

äëÿ ëþáûõ f ∈Mλ1
p (Rm1)×Mλ2

p (Rm2).

Åñëè 0 < λ1 + λ2 <
m1+m2

p , òî âêëþ÷åíèå (1.35) ñòðîãîå.

Äîêàçàòåëüñòâî. 1. Ïóñòü u1 ∈ Rm1, u2 ∈ Rm2, r > 0, òîãäà

BRm1+m2((u1, u2), r) ⊂ BRm1(u1, r)×BRm2(u2, r). (1.37)

Äåéñòâèòåëüíî, åñëè z ∈ BRm1+m2((u1, u2), r), òî

|(z1, z2)− (u1, u2)| =
√

|z1 − u1|2 + |z2 − u2|2 < r,

îòêóäà ñëåäóåò, ÷òî |z1 − u1| < r è |z2 − u2| < r, çíà÷èò, z1 ∈ BRm1(u1, r),

z2 ∈ BRm2(u2, r) è z = (z1, z2) ∈ BRm1(u1, r)×BRm2(u2, r).

Èñïîëüçóÿ âêëþ÷åíèå (1.37), ïîëó÷èì, ÷òî

∥f∥
M

λ1+λ2
p (Rm1+m2)

= sup
u1∈Rm1

sup
u2∈Rm2

sup
r>0

r−λ1−λ2∥f∥Lp(BRm1+m2 ((u1,u2),r))

≤ sup
u1∈Rm1

sup
u2∈Rm2

sup
r>0

r−λ1−λ2∥f(v1, v2)∥Lp(BRm1 (u1,r)×BRm2 (u2,r))

= sup
u1∈Rm1

sup
u2∈Rm2

sup
r>0

r−λ2∥r−λ1∥f(v1, v2)∥Lp,v1
(BRm1 (u1,r)∥Lp,v2

(BRm2 (u2,r))

≤ sup
u2∈Rm2

sup
r>0

r−λ2∥ sup
u1∈Rm1

r−λ1∥f(v1, v2)∥Lp,v1
(BRm1 (u1,r)∥Lp,v2

(BRm2 (u2,r))
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≤ sup

u2∈Rm2

sup
r>0

r−λ2∥ sup
u1∈Rm1

sup
ρ>0

ρ−λ1∥f(v1, v2)∥Lp,v1
(BRm1 (u1,ρ)∥Lp,v2

(BRm2 (u2,r))

≤ sup
u2∈Rm2

sup
r>0

r−λ2∥ ∥f(v1, v2)∥Mλ1
p,v1(Rm1)

∥Lp,v2
(BRm2 (u2,r))

= ∥ ∥f(v1, v2)∥Mλ1
p,v1(Rm1)

∥
M

λ2
p,v2(Rm2)

= ∥f∥
M

λ1
p (Rm1)×Mλ2

p (Rm2)
.

2. Ïðåäïîëîæèì, ÷òî 0 < λ1+λ2 <
m1+m2

p , íàïðèìåð, 0 < λ1 <
m1

p , 0 ≤ λ2 ≤
m2

p , è ÷òî

Mλ1
p (Rm1)×Mλ2

p (Rm2) =Mλ1+λ2
p (Rm1+m2). (1.38)

Ïóñòü µ1, µ2 > 0, µ1 ̸= λ1, µ2 ̸= λ2 è µ1 + µ2 = λ1 + λ2. Òîãäà, ñîãëàñíî

âêëþ÷åíèþ (1.35) ñ λ1, çàìåíåííûì íà µ1, à λ2, íà µ2 è ðàâåíñòâó (1.38), èìååì

Mµ1
p (Rm1)×Mµ2

p (Rm2) ⊂Mµ1+µ2
p (Rm1+m2)

=Mλ1+λ2
p (Rm1+m2) =Mλ1

p (Rm1)×Mλ2
p (Rm2).

Åñëè f(u1, u2) = f1(u1)f2(u2), ãäå f1 ∈ Mλ1
p (Rm1) è f2 ∈ Mλ2

p (Rm2), òî ñîãëàñíî

ýòîìó âêëþ÷åíèþ è ëåììå 1.2 f1 ∈Mµ1
p (Rm1) è f2 ∈Mµ2

p (Rm2), ÷òî íåâîçìîæíî,

åñëè, íàïðèìåð, f1(u1) = |u1|λ1−
m1
p1 (ñì. ñâîéñòâî 4 â ðàçäåëå 2). Ïðîòèâîðå÷èå,

ñëåäîâàòåëüíî, âêëþ÷åíèå (1.35) ñòðîãîå.

Çàìå÷àíèå 1.12. Ðàâåíñòâî (1.33) íå èìååò ìåñòà, åñëè ïðîñòðàíñòâî

Mλ1
p (Rm1)×Mλ2

p (Rm2) çàìåíèòü íà ïðîñòðàíñòâî Mλ1+λ2
p (Rm1+m2).

Äåéñòâèòåëüíî, ñ îäíîé ñòîðîíû, ñîãëàñíî íåðàâåíñòâó (1.36) è ðàâåíñòâó

(1.33) ñ f(u1, u2) = f1(u1)f2(u2), ãäå f1 ∈Mλ1
p (Rm1), f2 ∈Mλ1

p (Rm2),

∥f1f2∥Mλ1+λ2
p (Rm1+m2)

≤ ∥f1∥Mλ1
p (Rm1)

∥f2∥Mλ2
p (Rm2)

<∞. (1.39)

Ñ äðóãîé ñòîðîíû, åñëè 0 ≤ λ1 ≤ m1

p , 0 ≤ λ2 ≤ m2

p , òî, çà èñêëþ÷åíèåì

ñëó÷àåâ, êîãäà λ1 = λ2 = 0 è êîãäà îäíîâðåìåííî λ1 = m1

p è λ2 = m2

p , íè äëÿ

êàêîé ïîñòîÿííîé c > 0 íåðàâåíñòâî

c ∥f1∥Mλ1
p (Rm1)

∥f2∥Mλ2
p (Rm2)

≤ ∥f1f2∥Mλ1+λ2
p (Rm1+m2)
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äëÿ ëþáûõ f1 ∈ Mλ1

p (Rm1), f2 ∈ Mλ1
p (Rm2) íåâîçìîæíî. Â ÷àñòíîñòè, åñëè

0 < p <∞, m1,m2 ∈ N, 0 < λ1, µ1 <
m1

p , 0 < λ2, µ2 <
m2

p , λ1 ̸= µ1, λ2 ̸= µ2, λ1+

λ2 = µ1 + µ2, f1 ∈ Mµ1
p (Rm1) \Mλ1

p (Rm1) (íàïðèìåð, f1(u1) = |u1|µ1−m1
p ), f2 ∈

Mµ2
p (Rm2), f2 ̸∼ 0 on Rm2 (íàïðèìåð, f2(u2) = |u2|µ2−m2

p ), òî ýòî íåðàâåíñòâî

íåâîçìîæíî, òàê êàê ñîãëàñíî íåðàâåíñòâó (1.36) ñ λ1, λ2 çàìåíåííûìè íà

µ1, µ2,

∥f1f2∥Mλ1+λ2
p (Rm1+m2)

= ∥f1f2∥Mµ1+µ2
p (Rm1+m2) ≤ ∥f1∥Mµ1

p (Rm1)∥f2∥Mµ2
p (Rm2) <∞,

íî ∥f1∥Mλ1
p (Rm1)

∥f2∥Mλ2
p (Rm2)

= ∞.

Çàìå÷àíèå 1.13. Âêëþ÷åíèå (1.35) è íåðàâåíñòâî (1.36) ñïðàâåäëèâû è ïðè

çàìåíå Mλ1
p (Rm1), Mλ2

p (Rm2) è Mλ1+λ2
p (Rm1+m2) íà M̂λ1

p (Rm1), M̂λ2
p (Rm2) è

M̂λ1+λ2
p (Rm1+m2):

∥f∥
M̂

λ1+λ2
p (Rm1+m2)

≤ ∥f∥
M̂

λ1
p (Rm1)×M̂λ2

p (Rm2)
. (1.40)

Ëåììà 1.4. Ïóñòü 1 ≤ p ≤ ∞, m1,m2 ∈ N, 0 ≤ λ1 ≤ m1

p , 0 ≤ λ2 ≤ m2

p . Òîãäà

ñóùåñòâóåò c3 = c3(m1,m2, λ1, λ2) > 0 òàêîå, ÷òî

∥g∥
M

λ1
p (Rm1)×Mλ1

p (Rm2)
≤ c3ν

λ1+λ2∥g∥Lp(Rm1+m2) (1.41)

è

∥g∥
M̂

λ1
p (Rm1)×M̂λ2

p (Rm2)
≤ c3max{1, νλ1+λ2}∥g∥Lp(Rm1+m2) (1.42)

äëÿ ëþáûõ ν > 0 è g ∈ Mν,p(Rm1+m2).

Äîêàçàòåëüñòâî. 1. Ñîãëàñíî íåðàâåíñòâó (1.9) èç òåîðåìû 1.2 äëÿ ëþáûõ g ∈

Mν,p(Rm1+m2) è ëþáûõ v2 ∈ Rm2

∥g(v1, v2)∥Mλ1
p,v1(Rm1)

≤ c1(m1, λ1)ν
λ1∥g(v1, v2)∥Lp,v1

(Rm1),
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ïîýòîìó

∥g∥
M

λ1
p (Rm1)×Mλ2

p (Rm2)
= ∥∥g(v1, v2)∥Mλ1

p,v1(Rm1)
∥
M

λ2
p,v2(Rm2)

≤ c1(m1, λ1)ν
λ1∥∥g(v1, v2)∥Lp,v1

(Rm1)∥Mλ2
p,v2(Rm2)

= c1(m1, λ1)ν
λ1 sup

u2∈Rm2

sup
r>0

r−λ2∥∥g(v1, v2)∥Lp,v1
(Rm1)∥Lp,v2

(BRm2 (u2,r))

= c1(m1, λ1)ν
λ1 sup

u2∈Rm2

sup
r>0

r−λ2∥∥g(v1, v2)∥Lp,v2
(BRm2 (u2,r))∥Lp,v1

(Rm1)

≤ c1(m1, λ1)ν
λ1∥ sup

u2∈Rm2

sup
r>0

r−λ2∥g(v1, v2)∥Lp,v2
(BRm2 (u2,r))∥Lp,v1

(Rm1)

= c1(m1, λ1)ν
λ1∥∥g(v1, v2)∥Mλ2

p,v2(Rm2)
∥Lp,v1

(Rm1)

≤ c1(m1, λ1)c2(m2, λ2)ν
λ1+λ2∥∥g(v1, v2)∥Lp,v2

(Rm2)∥Lp,v1
(Rm1)

= c3ν
λ1+λ2∥g∥Lp(Rm1+m2),

ãäå c3 = c1(m1, λ1)c2(m2, λ2).

2. Ñîãëàñíî íåðàâåíñòâàì (1.10) è (1.9) èç òåîðåìû 1.2 äëÿ ëþáûõ g ∈

Mν,p(Rm1+m2) è ëþáûõ u2 ∈ Rm2

∥g(v1, v2)∥M̂λ1
p,v1(Rm1)

≤ c1(m1, λ1)max{1, νλ1}∥g(v1, v2)∥Lp,v1
(Rm1),

ïîýòîìó

∥g∥
M̂

λ1
p (Rm1)×M̂λ2

p (Rm2)
= ∥∥g(v1, v2)∥M̂λ1

p,v1(Rm1)
∥
M̂

λ2
p,v2(Rm2)

≤ c1(m1, λ1)max{1, νλ1}∥∥g(v1, v2)∥Lp,v1
(Rm1)∥M̂λ2

p,v2(Rm2)

≤ c1(m1, λ1)max{1, νλ1}max{∥∥g(v1, v2)∥Lp,v1
(Rm1)∥Lp,v2

(Rm2),

∥∥g(v1, v2)∥Lp,v1
(Rm1)∥Mλ2

p,v2(Rm2)
}

= c1(m1, λ1)max{1, νλ1}max{∥g∥Lp(Rm1+m2),

∥∥g(v1, v2)∥Lp,v1
(Rm1)∥Mλ2

p,v2(Rm2)
}. (1.43)
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Äàëåå, åùå ðàç ïðèìåíÿÿ íåðàâåíñòâî (1.9), ïîëó÷èì, ÷òî

∥∥g(v1, v2)∥Lp,v1
(Rm1)∥Mλ2

p,v2(Rm2)

= sup
u2∈Rm2

sup
r>0

r−λ2∥∥g(v1, v2)∥Lp,v1
(Rm1)∥Lp,v2

(BRm2 (u2,r))

= sup
u2∈Rm2

sup
r>0

r−λ2∥∥g(v1, v2)∥Lp,v2
(BRm2 (u2,r))∥Lp,v1

(Rm1)

≤ ∥ sup
u2∈Rm2

sup
r>0

r−λ2∥g(v1, v2)∥Lp,v2
(BRm2 (u2,r))∥Lp,v1

(Rm1)

≤ ∥∥g(v1, v2)∥Mλ2
p,u2

∥Lp,v1
(Rm1)

≤ c1(m2, λ2)ν
λ2∥∥g(v1, v2)∥Lp,v2

(Rm2)∥Lp,v1
(Rm1)}

= c1(m2, λ2)ν
λ2∥g(v1, v2)∥Lp(Rm1+m2)}. (1.44)

Íåðàâåíñòâî (1.42) ñëåäóåò èç (1.43) è (1.44) c c3 = c1(m1, λ1)c1(m2, λ2) (áûëî

ó÷òåíî, ÷òî c1(m2, λ2) ≥ 1)

Ëåììà 1.5. Ïóñòü 1 ≤ p ≤ ∞, m1, m2 ∈ N, 0 ≤ λ1 ≤ m1

p , 0 ≤ λ2 ≤ m2

p . Òîãäà

Eν(Rm1+m2) ∩
(
M̂λ1

p (Rm1)× M̂λ2
p (Rm2)

)
= Eν(Rm1+m2) ∩ M̂λ1+λ2

p (Rm1+m2),

ïðè÷åì

∥g∥
M̂

λ1+λ2
p (Rm1+m2)

≤ ∥g∥
M̂

λ1
p (Rm1)×M̂λ2

p (Rm2)

≤ c3max{1, νλ1+λ2}∥g∥
M̂

λ1+λ2
p (Rm1+m2)

(1.45)

äëÿ ëþáûõ ν > 0 è g ∈ Eν(Rm1+m2) ∩ M̂λ1+λ2
p (Rm1+m2).

Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü íåðàâåíñòâî (1.45). Ëåâîå íåðàâåíñòâî

ñëåäóåò èç ëåììû 1.3 (íåðàâåíñòâî (1.36) è çàìå÷àíèå 1.13). Ïðàâîå íåðàâåíñòî

ñëåäóåò èç ëåììû 5.3 (íåðàâåíñòâî(1.42)) .
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Èñïîëüçóÿ îïðåäåëåíèå 1.7 ñ λ1 = λ2 = 0, íåðàâåíñòâî (3) ìîæíî ïåðåïèñàòü

â âèäå

∥g∥L∞,v(Rn−m)×Lp(Rm) ≤ 2n−mν
n−m

p ∥g∥Lp(Rn).

Òåîðåìà 1.7. Ïóñòü 1 ≤ p <∞, m, n ∈ N, m < n, 0 ≤ λ ≤ n
p , òîãäà

∥g∥L∞(Rn−m)×Mλ
p (Rm) ≤ 2n−mν

n−m
p ∥g∥Lp(Rn−m)×Mλ

p (Rm), (1.46)

â ÷àñòíîñòè, åñëè x = (u, v), u = (x1 . . . xm), v = (xm+1, . . . , xn), òî

∥g(u, 0)∥Mλ
p (Rm) ≤ 2n−mν

n−m
p ∥g∥Lp(Rn−m)×Mλ

p (Rm)

äëÿ ëþáûõ g ∈ Eν(Rn−m) ∩ (Lp(Rn−m) ×Mλ
p (Rm)). Íåðàâåíñòâà (172) è (173)

ñïðàâåäëèâû òàêæå ïðè çàìåíå Mλ
p íà M̂λ

p .

Êðîìå òîãî, ñóùåñòâóåò òàêîå c4 = c4(m,n, λ) > 0, ÷òî

∥g∥
L∞(Rn−m)×M̂λ

p (Rm)
≤ c4ν

n−m
p max{1, νλ}∥g∥

M̂λ
p (Rn)

,

â ÷àñòíîñòè,

∥g(u, 0)∥
M̂λ

p (Rm)
≤ c4ν

n−m
p max{1, νλ}∥g∥

M̂λ
p (Rn)

äëÿ ëþáûõ ν > 0 è g ∈ Eν(Rn) ∩ M̂λ
p (Rn).

Äîêàçàòåëüñòâî. 1. Ïóñòü x = (u, v). Òàê êàê äëÿ ëþáîãî u ∈ Rm g(u, v) ∈

Mν,p(Rn−m), òî ñîãëàñíî íåðàâåíñòâó (2) ñ q = ∞

∥g(u, v)∥L∞,v(Rn−m) ≤ 2n−mν
n−m

p ∥g(u, v)∥Lp,v(Rn−m),

â ÷àñòíîñòè,

|g(u, 0)| ≤ 2n−mν
n−m

p ∥g(u, v)∥Lp,v(Rn−m).



59
Ñëåäîâàòåëüíî,

∥g∥L∞(Rn−m)×Mλ
p (Rm) = ∥∥g(u, v)∥L∞,v(Rn−m)∥Mλ

p,u(Rm)

≤ 2n−mν
n−m

p ∥∥g(u, v)∥Lp,v(Rn−m)∥Mλ
p,u(Rm)

= 2n−mν
n−m

p ∥g∥Lp(Rn−m)×Mλ
p (Rm)

è

∥g(u, 0)∥Mλ
p (Rm) ≤ 2n−mν

n−m
p ∥g∥Lp(Rn−m)×Mλ

p (Rm).

Òàêæå

∥g∥
L∞(Rn−m)×M̂λ

p (Rm)
= ∥∥g(u, v)∥L∞,v(Rn−m)∥M̂λ

p,u(Rm)

≤ 2n−mν
n−m

p ∥∥g(u, v)∥Lp,v(Rn−m)∥M̂λ
p,u(Rm)

= 2n−mν
n−m

p ∥g∥
Lp(Rn−m)×M̂λ

p (Rm)

è

∥g(u, 0)∥
M̂λ

p (Rm)
≤ 2n−mν

n−m
p ∥g∥

Lp(Rn−m)×M̂λ
p (Rm)

.

2. Äàëåå ñîãëàñíî íåðàâåíñòâó (2) ñ q = ∞ è n, çàìåíåííûì íà n−m, ñëåäóþò

íåðàâåíñòâà (172) è (173) ñ Mλ
p çàìåíåííûì íà M̂λ

p . Êðîìå òîãî, ñîãëàñíî, è

íåðàâåíñòâó (1.41) ñ m1 = n−m, m2 = m, λ1 = 0, λ2 = λ

∥g∥L∞(Rn−m)×Mλ
p (Rm) = ∥∥g(u, v)∥L∞,v(Rn−m)∥Mλ

p,u(Rm)

≤ 2n−mν
n−m

p ∥∥g(u, v)∥Lp,u(Rn−m)∥Mλ
p,v(Rm)

= 2n−mν
n−m

p ∥g∥Lp(Rn−m)×Mλ
p (Rm)

≤ 2n−mc3(n−m,m, 0, λ)ν
n−m

p +λ∥g∥Lp(Rn).

Êðîìå òîãî, ñîãëàñíî íåðàâåíñòâó (3)

∥g∥L∞(Rn−m)×Lp(Rm) ≤ 2n−mν
n−m

p ∥g∥Lp(Rn).
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Ñëåäîâàòåëüíî,

∥g∥
L∞(Rn−m)×M̂λ

p (Rm)
= ∥∥g(u, v)∥L∞,v(Rn−m)∥M̂λ

p,u(Rm)

= max{∥∥g(u, v)∥L∞,v(Rn−m)∥Lp,u(Rm), ∥∥g(u, v)∥L∞,v(Rn−m)∥Mλ
p,u(Rm)}

≤ c4ν
n−m

p max{1, νλ}∥g∥
M̂λ

p (Rn)
,

ãäå

c4 = c4(n,m, λ) = 2n−mc3(n−m,m, 0, λ)

(áûëî ó÷òåíî, ÷òî c3(n−m,m, 0, λ) ≥ 1).

Òåîðåìà 1.8. Ïóñòü 1 ≤ p < ∞, m, n ∈ N, m < n, 0 ≤ λ ≤ n
p , òîãäà

ñóùåñòâóåò c5 = c5(m,n) > 0 è äëÿ ëþáîé ôóíêöèè g ∈ Eν(Rm) ∩Mλ
p (Rm)

ñóùåñòâóåò ôóíêöèÿ G ∈ Eν(Rn) ∩ Mλ
p (Rn) òàêàÿ, ÷òî G(u, 0) = g(u) äëÿ

ëþáûõ u ∈ Rm,

∥G∥Lp(Rn−m)×Mλ
p (Rm) ≤ c5ν

−n−m
p ∥g∥Mλ

p (Rm) (1.47)

äëÿ ëþáûõ g ∈Mλ
p (Rm) è

∥G∥
M̂λ

p (Rn)
≤ c5ν

−n−m
p ∥g∥

M̂λ
p (Rm)

(1.48)

äëÿ ëþáûõ g ∈ M̂λ
p (Rm).

Äîêàçàòåëüñòâî. Ïóñòü x = (u, v), g ∈ Mλ
p (Rm). Ïîëîæèì G(u, v) = g(u)h(v)

äëÿ ëþáûõ u ∈ Rm è v ∈ Rn−m, ãäå

h(v) =
∏

j=m+1,...,n

sin2
(νxj

2

)(νxj
2

)2 . (1.49)

Ñîãëàñíî íåðàâåíñòâó (1.36) è ðàâåíñòâó(1.33) ñ λ1 = 0, λ2 = λ,m1 = n −

m,m2 = m

∥G∥Mλ
p (Rn) ≤ ∥G∥Lp(Rn−m)×Mλ

p (Rm) = ∥h∥Lp(Rn−m)∥g∥Mλ
p (Rm),
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∥h∥Lp(Rn−m) =
∥∥∥ ∏
j=m+1,...,n

sin2
(νxj

2

)(νxj
2

)2 ∥∥∥
Lp(Rn−m)

=
(∥∥∥sin2(νt2 )

(νt2 )
2

∥∥∥
Lp(R)

)n−m
=

(νt
2

= τ
)
=

(2
ν

)n−m
p
(∥∥∥sin2 τ

τ 2

∥∥∥
Lp(R

)n−m
≤

(2
ν

)n−m
p
(∫

R

(sin τ
τ

)2

dτ
)n−m

p

=
(2π
ν

)n−m
p

= (2π)
n−m

p ν−
n−m

p , (1.50)

îòêóäà è ñëåäóåò íåðàâåíñòâî (1.47) ñ c5 = (2π)
n−m

p (áûëî ó÷òåíî, ÷òî∫
R

(
sin τ
τ

)2
dτ = π). Íåðàâåíñòâî (1.48) ñëåäóåò èç íåðàâåíñòâà (1.47) ñ λ = 0 è

ñ 0 < λ ≤ n
p .
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Ãëàâà 2

Íåðàâåíñòâà äëÿ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ äëÿ

ïåðèîäè÷åñêèõ ïðîñòðàíñòâ Ìîððè (Mλ
p )

∗(Rn)

2.1. Ïåðèîäè÷åñêèå ïðîñòðàíñòâà Ìîððè (Mλ
p )

∗(Rn)

Îïðåäåëåíèå 2.1. [26] Ïóñòü 0 < p ≤ ∞ è 0 ≤ λ ≤ n
p , òîãäà ôóíêöèÿ

f ∈ (Mλ
p )

∗, åñëè îíà èìååò ïåðèîä 2π, èçìåðèìà ïî ëåáåãó íà Rn è

∥f∥∗Mλ
p
= sup

x∈Q(0,π)

sup
0<r≤π

r−λ∥f∥Lp(Q(x,r)) <∞.

Îòìåòèì íåêîòîðûå ñâîéñòâà ýòèõ ïðîñòðàíñòâ.

1. Èç îïðåäåëåíèÿ ñðàçó âèäíî, ÷òî ïðè λ = 0

∥f∥∗M0
p
= ∥f∥∗Lp

.

2. Ïðè λ = n
p

∥f∥∗
M

n
p
p

= ∥f∥∗L∞
,

3. Åñëè λ < 0 èëè λ > n
p , òî ïðîñòðàíñòâà (M

λ
p )

∗ ñîñòîÿò òîëüêî èç ôóíêöèé,

ýêâèâàëåíòíûõ 0 íà Rn.

4. Îòìåòèì, ÷òî ïðîñòðàíñòâî (Mλ
p )

∗ îáëàäàåò ñâîéñòâîì ìîíîòîííîñòè ïî

ïàðàìåòðó λ:

(Mµ
p )

∗ ⊂ (Mλ
p )

∗, 0 ≤ λ < µ ≤ n

p
, 0 < p <∞.

Äåéñòâèòåëüíî,

∥g∥∗Mλ
p
= sup

x∈Q(0,π)

sup
0<r≤π

r−λ∥f∥Lp(Q(x,r))
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= π−λ sup
x∈Q(0,π)

sup
0<r≤π

(
π

r

)λ

∥f∥Lp(Q(x,r))

≤ π−λ sup
x∈Q(0,π)

sup
0<r≤π

(
π

r

)µ

∥f∥Lp(Q(x,r))

= πµ−λ sup
x∈Q(0,π)

sup
0<r≤π

r−µ∥f∥Lp(Q(x,r))

= πµ−λ∥f∥∗Mµ
p
,

ñëåäîâàòåëüíî,

∥f∥∗Mλ
p
≤ πµ−λ∥f∥∗Mµ

p
. (2.1)

5. Â [26] äîêàçàíî, ÷òî äëÿ ëþáûõ p > 0 è f ∈ (Mλ
p )

∗

∥f∥∗Mλ
p
= ∥f∥∗∗Mλ

p
≡ sup

x∈Rn

sup
0<r≤π

r−λ∥f∥∗Lp(Q(x,r)).

6. Èíâàðèàíòíîñòü îòíîñèòåëüíî ñäâèãà: äëÿ ëþáûõ f ∈ (Mλ
p )

∗

∥f(y + h)∥∗Mλ
p
= ∥f(y)∥∗Mλ

p
∀h ∈ Rn. (2.2)

Äåéñòâèòåëüíî,

∥f(y + h)∥∗Mλ
p
= ∥f(y + h)∥∗∗Mλ

p
= sup

x∈Rn

sup
0<r≤π

r−λ∥f(y + h)∥∗Lp(Q(x,r))

(z = y + h)

= sup
x∈Rn

sup
0<r≤π

r−λ∥f(z)∥∗Lp(Q(x+h,r))

(x+ h = u)

= sup
u∈Rn

sup
0<r≤π

r−λ∥f(z)∥∗Lp(Q(u,r)) = ∥f∥∗Mλ
p
.

7. (Mλ
p )

∗ ⊂ (Lp)
∗, ïðè÷åì äëÿ ëþáûõ f ∈ (Mλ

p )
∗

∥f∥∗Lp
≤ πλ∥f∥∗Mλ

p
. (2.3)
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Äåéñòâèòåëüíî,

∥f∥∗Mλ
p
≥ sup

0<r<π
r−λ∥f∥Lp(Q(0,r)) ≥ π−λ sup

0<r<π
∥f∥Lp(Q(0,r))

≥ π−λ∥f∥Lp(Q(0,π)) = π−λ∥f∥∗Lp
.
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2.2. Íåðàâåíñòâî Áåðíøòåéíà äëÿ ïðîñòðàíñòâ (Mλ

p )
∗(Rn)

Â îäíîìåðíîì ñëó÷àå èíòåðïîëÿöèîííàÿ ôîðìóëà äëÿ ïðîèçâîëüíîãî òðèãîíî-

ìåòðè÷åñêîãî ìíîãî÷ëåíà Tµ ïîðÿäêà µ ∈ N èìååò âèä (ñì.[36]):

T ′
µ(x) =

1

4µ

2µ∑
k=1

(−1)k+1 1

sin2 xk2
Tµ(x+ xk), (2.4)

ãäå xk�íóëè ìíîãî÷ëåíà cos(µ− x).

Åñëè ïîëîæèòü çäåñü Tµ(x) = sin(µx) è x = 0, òî ïîëó÷èì

µ =
1

4µ

2µ∑
k=1

1

sin2 xk2
. (2.5)

Òåîðåìà 2.1. Ïóñòü Z∗−íîðìèðîâàííîå ïðîñòðàíñòâî ïåðèîäè÷åñêèõ ôóíê-

öèé ïåðèîäà 2π ïî êàæäîé ïåðåìåííîé, ïðè÷åì íîðìà ∥ · ∥∗Z èíâàðèàíòíà îò-

íîñèòåëüíî ñäâèãà, ò.å. äëÿ ëþáîé ôóíêöèè f ∈ Z∗

∥f(x+ h)∥∗Z = ∥f∥∗Z ∀h ∈ Rn. (2.6)

Òîãäà äëÿ ëþáûõ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ Tµ ∈ Z∗ ïîðÿäêà µ ∈ N

ïî êàæäîé ïåðåìåííîé∥∥∥∥∂Tµ∂xj

∥∥∥∥∗
Z

≤ µ∥Tµ∥∗Z , j = 1, . . . , n.

Äîêàçàòåëüñòâî. Ñîãëàñíî ôîðìóëàì (2.4) è (2.5)

∥T ′
µ∥∗Z =

∥∥∥∥ 1

4µ

2µ∑
k=1

(−1)k
1

sin2 xk2
Tµ(x+ xk)

∥∥∥∥∗
Z

≤ 1

4µ

2µ∑
k=1

1

sin2 xk2
∥Tµ(x+ xk)∥∗Z = µ∥Tµ∥∗Z .

Â ìíîãîìåðíîì ñëó÷àå ïðè ôèêñèðîâàííûõ x1, . . . , xj−1, xj+1, . . . , xn ôóíê-

öèÿ Tµ(x) = Tµ(x1, . . . , xn) ÿâëÿåòñÿ òðèãîíîìåòðè÷åñêèì ìíîãî÷ëåíîì ïî ïå-
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ðåìåííîé xj, ïîýòîìó ñîãëàñíî (2.4) èìååì

∂Tµ
∂xj

(x1, . . . , xn) =
1

4µ

2µ∑
k=1

(−1)k
1

sin2 xk2
Tµ

(
x1, . . . , xj−1, xj+

π

µ

(
k−1

2

)
, xj+1, . . . , xn

)

=
1

4µ

2µ∑
k=1

(−1)k
1

sin2 xk2
Tµ

(
x+

π

µ

(
k − 1

2

)
ej

)
, x ∈ Rn,

ãäå ej = (0, . . . , 0, 1, 0, . . . , 0)︸ ︷︷ ︸
j

. Ñëåäîâàòåëüíî, ñîãëàñíî (2.6)

∥∥∥∥∂Tµ∂xj

∥∥∥∥∗
Z

≤ 1

4µ

2µ∑
k=1

1

sin2 xk2

∥∥∥∥Tµ(x+ π

µ

(
k − 1

2

)
ej

)∥∥∥∥∗
Z

= µ∥Tµ∥∗Z .

Ñëåäñòâèå 2.1. Ïóñòü 1 ≤ p ≤ ∞ , 0 ≤ λ ≤ n
p , òîãäà ñîãëàñíî (2.2)

∀ Tµ ∈ (Mλ
p )

∗ ∥∥∥∥∂Tµ∂xj

∥∥∥∥∗
Mλ

p

≤ µ∥Tµ∥∗Mλ
p
, j = 1, . . . , n.
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2.3. Íåðàâåíñòâî ðàçíûõ ìåòðèê äëÿ ïðîñòðàíñòâ (Mλ

p )
∗(Rn)

Îïðåäåëåíèå 2.2. Ïóñòü 1 ≤ p ≤ ∞, 0 ≤ λ ≤ n
p , µ,N ∈ N, Tµ ∈ M∗

µ,p è

((Tµ))
∗
Mλ

p,N
= sup

x∈Q(0,π)

sup
0<r≤π

r−λ
((

r

N

)n N−1∑
k1=−N

· · ·
N−1∑

kn=−N∣∣∣∣Tµ(x1 + r

N
k1, . . . , xn +

r

N
kn

)∣∣∣∣p)1/p

.

Ëåììà 2.1. Ïóñòü n = 1, 1 ≤ p ≤ ∞, r > 0, x ∈ R, N ∈ N, xk = x + r
N k,

xk < ξk < xk+1, , k = −N, . . . , N−1. Òîãäà äëÿ ëþáûõ ôóíêöèé f : Q(x, r) → Rn

òàêèõ, ÷òî f ′ ∈ Lp(Q(x, r))∣∣∣∣( r

N

N−1∑
k=−N

|f(ξk)|p
)1/p

−
(
r

N

N−1∑
k=−N

∣∣∣∣f(x+ r

N
k

)∣∣∣∣p)1/p∣∣∣∣ ≤
≤ r

N
∥f ′∥Lp(Q(x,r)).

Äîêàçàòåëüñòâî. Ïîëîæèì xk = x+ r
N k, k = −N, . . . , N −1. Ïðèìåíÿÿ îáðàò-

íîå íåðàâåíñòâî òðåóãîëüíèêà è íåðàâåíñòâî Ã¼ëüäåðà, ïîëó÷èì ÷òî∣∣∣∣( r

N

N−1∑
k=−N

|f(ξk)|p
)1/p

−
(
r

N

N−1∑
k=−N

|f(xk)|p
)1/p∣∣∣∣

=

(
r

N

)1/p∣∣∣∣( N−1∑
k=−N

|f(ξk)|p
)1/p

−
( N−1∑
k=−N

|f(xk)|p
)1/p∣∣∣∣

≤
(
r

N

)1/p( N−1∑
k=−N

|f(ξk)− f(xk)|p
)1/p

=

(
r

N

)1/p( N−1∑
k=−N

∣∣∣∣ ∫ ξk

xk

f ′(t)dt

∣∣∣∣p)1/p

≤
(
r

N

)1/p( N−1∑
k=−N

∣∣∣∣( ∫ ξk

xk

|f ′(t)|pdt
)1/p(∫ ξk

xk

dt

)1/p′∣∣∣∣p)1/p
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≤
(
r

N

)1/p( N−1∑
k=−N

∣∣∣∣( ∫ xk+1

xk

|f ′(t)|pdt
)1/p(∫ xk+1

xk

dt

)1/p′∣∣∣∣p)1/p

=

(
r

N

)1/p( N−1∑
k=−N

∣∣∣∣( ∫ xk+1

xk

|f ′(t)|pdt
)1/p(

r

N

)1/p′∣∣∣∣p)1/p

=
r

N

( N−1∑
k=−N

∫ xk+1

xk

f ′(t)|pdt
)1/p

=
r

N
∥f ′∥Lp(Q(x,r)).

Ëåììà 2.2. Ïóñòü 1 ≤ p ≤ ∞, r > 0, N ∈ N, f : Rn → R � èçìåðèìàÿ,

2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ ïî êàæäîé ïåðåìåííîé òàêàÿ, ÷òî

sup
x∈Q(0,π)

((
r

N

)n N−1∑
k=−N

∣∣∣∣f(x1 + r

N
k, . . . , xn +

r

N
k)

∣∣∣∣p) 1
p

<∞.

Òîãäà

sup
x∈Q(0,π)

∥f∥Lp(Q(0,r)) ≤ sup
x∈Q(0,π)

((
r

N

)n N−1∑
k=−N

∣∣∣∣f(x1, . . . , xn)∣∣∣∣p) 1
p

.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïðè n = 1

sup
−π<x<π

∥f∥Lp(x−r,x+r) = sup
−π<x<π

( N−1∑
k=−N

x+ r
N (k+1)∫

x+ r
N k

|f(t)|pdt
) 1

p

= {t = x+
r

N
k + τ}

= sup
−π<x<π

( N−1∑
k=−N

r
N∫

0

∣∣∣∣f(x+ r

N
k + τ)

∣∣∣∣pdτ) 1
p

≤ sup
−π<x<π

(
sup

0<τ< r
N

r

N

N−1∑
k=−N

∣∣∣∣f(x+ r

N
k + τ)

∣∣∣∣p) 1
p

= {y = x+ τ}

= sup
−π<x<π

(
sup

x<y<x+ r
N

r

N

N−1∑
k=−N

∣∣∣∣f(y + r

N
k)

∣∣∣∣p) 1
p

=

(
sup

−π<y<π+ r
N

r

N

N−1∑
k=−N

∣∣∣∣f(y + r

N
k)

∣∣∣∣p) 1
p
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={â ñèëó 2π�ïåðèîäè÷íîñòè f}

=

(
sup

−π<y<π

r

N

N−1∑
k=−N

∣∣∣∣f(y + r

N
k)

∣∣∣∣p) 1
p

.

Ìíîãîìåðíûé ñëó÷àé ñëåäóåò n�êðàòíûì ïðèìåíåíèåì îäíîìåðíîãî ñëó÷àÿ.

Ëåììà 2.3. Ïóñòü n = 1, N, µ ∈ N, 1 ≤ p ≤ ∞, 0 ≤ λ ≤ 1
p, òîãäà äëÿ ëþáûõ

Tµ ∈ M∗
µ èìååò ìåñòî íåðàâåíñòâî

∥Tµ∥∗Mλ
p
≤ ((Tµ))

∗
Mλ

p,N
≤ (1 +

π

N
µ)∥Tµ∥∗Mλ

p
. (2.7)

Äîêàçàòåëüñòâî. Ïóñòü r > 0, k = −N, . . . , N−1, u ∈ Q(0, π), xk = x+ r
N k−u

è xk < ξk < xk+1, òàêîâû, ÷òî∫ x+r

x−r
|Tµ(y)|pdy =

N−1∑
k=−N

∫ xk+1

xk

|Tµ(y)|pdy =
r

N

N−1∑
k=−N

|Tµ(ξk)|p. (2.8)

Ñîãëàñíî ëåììå 2.1, íåðàâåíñòâó Áåðíøòåéíà äëÿ ïðîñòðàíñòâ (Mλ
p )

∗ è ðàâåí-

ñòâó (2.8)

sup
−π<x<π

sup
0<r≤π

r−λ
(
r

N

N−1∑
k=−N

|Tµ(xk)|p
)1/p

= sup
−π<x<π

sup
0<r≤π

r−λ
[(

r

N

N−1∑
k=−N

|Tµ(xk)|p
)1/p

−
(
r

N

N−1∑
k=−N

|Tµ(ξk)|p
)1/p

+

+

(
r

N

N−1∑
k=−N

|Tµ(ξk)|p
)1/p]

≤ sup
−π<x<π

sup
0<r≤π

r−λ
[
r

N
∥T ′

µ∥Lp(Q(x,r)) +

(
r

N

N−1∑
k=−N

|Tµ(ξk)|p
)1/p]

= sup
−π<x<π

sup
0<r≤π

r−λ
[
π

N
∥T ′

µ∥Lp(Q(x,r)) + ∥Tµ∥Lp(x−r,x+r)

]

≤ π

N
∥T ′

µ∥∗Mλ
p
+ ∥Tµ∥∗Mλ

p
= (1 +

π

N
µ)∥Tµ∥∗Mλ

p
.
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Äîêàçàòåëüñòâî ëåâîãî íåðàâåíñòâà (2.7) ñëåäóåò íåïîñðåäñòâåííî èç ëåììû

2.2.

Òåîðåìà 2.2. Ïóñòü 1 ≤ p ≤ ∞, n, µ,N ∈ N, 0 ≤ λ ≤ n
p , Tµ ∈ M∗

µ, òîãäà

èìååò ìåñòî íåðàâåíñòâî

∥Tµ∥∗Mλ
p
≤ ((Tµ))

∗
Mλ

p,N
≤ (1 +

π

N
µ)n∥Tµ∥∗Mλ

p
. (2.9)

Äîêàçàòåëüñòâî. Ñîãëàñíî ëåììå 2.2

∥Tµ∥∗Mλ
p
= sup

x∈Q(0,π)

sup
0<r≤π

r−λ
(∫ x1+r

x1−r
· · ·

∫ xn+r

xn−r
|Tµ(x1 . . . xn)|pdx1 . . . dxn

)1/p

≤ sup
x∈Q(0,π)

sup
0<r≤π

r−λ
((

r

N

)n N−1∑
k1=−N

· · ·
N−1∑

kn=−N

|Tµ(x1 +
r

N
k1 . . . xn +

r

N
kn)|pdu

)1/p

= ((Tµ))
∗
Mλ

p,N
,

òî äîêàçàíî ïåðâîå íåðàâåíñòâî.

Äîêàæåì âòîðîå íåðàâåíñòâ (2.9) ïî èíäóêöèè. Ïðè n=1 îíî áûëî äîêàçàíî

â ëåììå 2.3. Ïóñòü n > 1 äîïóñòèì òåïåðü, ÷òî îíî âåðíî äëÿ n-1. Çàôèêñèðóåì

x1, òî ôóíêöèÿ T ïî-ïðåæíåìó áóäåò òðèãîíîìåòðè÷åñêîé ïî x2 . . . xn è âåðíî

íåðàâåíñòâî

(1+
π

N
µ)p(n−1) sup

x∈Q(0,π)

sup
0<r<π

r−pλ
∫ x2+r

x2−r
· · ·

∫ xn+r

xn−r
|Tµ(x1 . . . xn)|pdx2 . . . dxn (2.10)

≥ sup
x∈Q(0,π)

sup
0<r<π

r−pλ
∫ x2+r

x2−r
· · ·

∫ xn+r

xn−r
|Tµ(x1 . . . xn)|pdx2 . . . dxn

≥
(
r

N

)n−1

sup
x∈Q(0,π)

sup
0<r<π

r−pλ
N−1∑
k2=−N

· · ·
N−1∑

kn=−N

|Tµ(x1, xk2 . . . xkn)|p. (2.11)

Èíòåãðèðóÿ (2.10)-(2.11) ïî x1 è âîçâîäÿ â ñòåïåíü 1/p, ïîëó÷èì ÷òî,

(1 +
π

N
µ)n−1 sup

x∈Q(0,π)

sup
0<r<π

r−λ
(∫ x1+r

x1−r
· · ·

∫ xn+r

xn−r
|Tµ(x1 . . . xn)|pdx1 . . . dxn

)1/p
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≥
(
r

N

)n−1
p

sup
x∈Q(0,π)

sup
0<r<π

r−λ
( N−1∑
k2=−N

· · ·
N−1∑

kn=−N

∫ x1+r

x1−r
|Tµ(x1, xk2 . . . xkn)|pdx1

)1/p

≥
(
r

N

)n−1
p 1

(1 + π
Nµ)

sup
x∈Q(0,π)

sup
0<r<π

r−λ
( N−1∑
k1=−N

· · ·
N−1∑

kn=−N

∫ x1+r

x1−r
|Tµ(x1, xk1 . . . xkn)|pdx1

)1/p

≥
(
r

N

)n−1
p 1

(1 + π
Nµ)

sup
x∈Q(0,π)

sup
0<r<π

r−λ
(
π

N

N−1∑
k1=−N

· · ·
N−1∑

kn=−N

|Tµ(x1, xk1 . . . xkn)|p
)1/p

≥ 1

(1 + π
Nµ)

sup
x∈Q(0,π)

sup
0<r<π

r−λ
((

r

N

)n N−1∑
k1=−N

· · ·
N−1∑

kn=−N

|Tµ(xk1 . . . xkn)|p
)1/p

.

Ëåììà 2.4. Ïðè 1 ≤ p ≤ q ≤ ∞ n, µ,N ∈ N, 0 ≤ λ ≤ n
q , Tµ ∈ M∗

µ

((Tµ))
∗
M

λ−n( 1p− 1
q )

q,N

≤ Nn( 1p−
1
q )((Tµ))

∗
Mλ

p,N
.

Äîêàçàòåëüñòâî. Â ñèëó íåðàâåíñòâà Éåíñåíà è îïðåäåëåíèÿ 2.2:

((Tµ))
∗
M

λ−n( 1p− 1
q )

q,N

= sup
x∈Q(0,π)

sup
0<r≤π

r−(λ−n( 1p−
1
q ))

((
r

N

)n N−1∑
k1=−N

· · ·
N−1∑

kn=−N∣∣∣∣Tµ(x1 + r

N
k1, . . . , xn +

r

N
kn

)∣∣∣∣q)1/q

≤ sup
x∈Q(0,π)

sup
0<r≤π

r−(λ−n( 1p−
1
q ))

(
r

N

)n
q
( N−1∑
k1=−N

· · ·
N−1∑

kn=−N∣∣∣∣Tµ(x1 + r

N
k1, . . . , xn +

r

N
kn

)∣∣∣∣p)1/p

= sup
x∈Q(0,π)

sup
0<r≤π

r−(λ−n( 1p−
1
q ))

(
r

N

)n
q−

n
p
((

r

N

)n N−1∑
k1=−N

· · ·
N−1∑

kn=−N∣∣∣∣Tµ(x1 + r

N
k1, . . . , xn +

r

N
kn

)∣∣∣∣p)1/p

= N
n
p−

n
q sup
x∈Q(0,π)

sup
0<r≤π

r−λ
((

r

N

)n N−1∑
k1=−N

· · ·
N−1∑

kn=−N



72∣∣∣∣Tµ(x1 + r

N
k1, . . . , xn +

r

N
kn

)∣∣∣∣p)1/p

= Nn( 1p−
1
q )((Tµ))

∗
Mλ

p,N
.

Òåîðåìà 2.3. Ïóñòü 1 ≤ p ≤ q ≤ ∞, n
(
1
p −

1
q

)
≤ λ ≤ n

p , Tµ ∈ M∗
µ. Òîãäà

∥Tµ∥∗
M

λ−n( 1p− 1
q )

q

≤ (1 + π)nµn(
1
p−

1
q )∥Tµ∥∗Mλ

p
. (2.12)

Äîêàçàòåëüñòâî. Äëÿ ëþáîãî N ∈ N

∥Tµ∥∗
M

λ−n( 1p− 1
q )

q

≤ ((Tµ))
∗
M

λ−n( 1p− 1
q )

q,N

≤ Nn( 1p−
1
q )((Tµ))

∗
Mλ

p,N

≤ Nn( 1p−
1
q )(1 +

π

N
µ)n∥Tµ∥∗Mλ

p

≤
(
µ

N

)n( 1q−
1
p )

(1 +
π

N
µ)nµn(

1
p−

1
q )∥Tµ∥∗Mλ

p
.

Ïîëàãàÿ çäåñü N = µ, ïîëó÷èì íåðàâåíñòâî (2.12).

Ðàññìîòðèì ñâ¼ðòêó ôóíêöèé φ, g ∈ L1(Q(0, π)), 2π-ïåðèîäè÷åñêèõ ïî êàæ-

äîé ïåðåìåííîé

(φ ∗ g)(x) =
∫
Q(0,π)

φ(x− y)g(y)dy, x ∈ Rn.

Îïðåäåëåíèå 2.3. Êîýôôèöèåíò Ôóðüå ôóíêöèè φ ∈ L1(Rn) çàäà¼òñÿ ñëåäó-

þùåé ôîðìóëîé:

ck(φ) =
1

(2π)n

∫
Q(0,π)

φ(x)e−ik·xdx, k ∈ Zn,

k · x = k1x1 + · · ·+ knxn.

Íàïîìíèì, ÷òî ∀k ∈ Zn

ck(φ ∗ g) = (2π)nck(φ)ck(g). (2.13)
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Åñëè ck(φ) = (2π)−n äëÿ k ∈ Zn, äëÿ êîòîðûõ ck(g) ̸= 0, òî

ck(g) = ck(φ ∗ g).

Ëåììà 2.5. Ïóñòü n, µ ∈ N, φ ∈ L1(Q(0, π)) − 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ ïî

êàæäîé ïåðåìåííîé. Äëÿ òîãî, ÷òîáû äëÿ ëþáîãî òðèãîíîìåòðè÷åñêîãî ìíî-

ãî÷ëåíà Tµ ïîðÿäêà, íå ïðåâûøàþùåãî µ ïî êàæäîé ïåðåìåííîé, âûïîëíÿëîñü

ðàâåíñòâî

Tµ = φ ∗ Tµ, (2.14)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

ck(φ) = (2π)−n ∀k ∈ Zn : |kj| ≤ µ, j = 1, . . . , n. (2.15)

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü, Ïóñòü ðàâåíñòâî (2.14) âûïîëíÿåòñÿ äëÿ ëþ-

áûõ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ Tµ ïîðÿäêà, íå ïðåâûøàþùåãî µ ïî êàæ-

äîé ïåðåìåííîé. Ñîãëàñíî (2.13)

(2π)ck(φ)ck(Tµ) = ck(Tµ)

äëÿ ëþáûõ k ∈ Zn òàêèõ, ÷òî |kj| ≤ µ, j = 1, . . . , n. Äëÿ êàæäîãî òàêîãî k

ñóùåñòâóåò òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí Tµ ïîðÿäêà, íå ïðåâûøàþùåãî µ ïî

êàæäîé ïåðåìåííîé, äëÿ êîòîðîãî ck(Tµ) ̸= 0, îòêóäà ñëåäóåò, ÷òî âûïîëíÿåòñÿ

ðàâåíñòâî (2.15).

Äîñòàòî÷íîñòü. Ïóñòü âûïîëíÿåòñÿ ðàâåíñòâî (2.15) äëÿ ëþáûõ òðèãîíîìåò-

ðè÷åñêèõ ìíîãî÷ëåíîâ Tµ ïîðÿäêà, íå ïðåâûøàþùåãî µ ïî êàæäîé ïåðåìåííîé:

Tµ(x) =
∑
|kj |≤µ
j=1,...,n

cke
ik·x =

∑
|kj |≤µ
j=1,...,n

ck(Tµ)e
ik·x.

Òîãäà

(φ ∗ Tµ)(x) =
∑
|kj |≤µ
j=1,...,n

ck(Tµ)(φ ∗ eik·x)(x)
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=
∑
|kj |≤µ
j=1,...,n

ck(Tµ)

(∫
Q(0,π)

φ(x− ξ)eik·ξdξ

)

=
∑
|kj |≤µ
j=1,...,n

ck(Tµ)

(∫
Q(0,π)

φ(x− ξ)eik·(x−ξ)dξ

)
eik·x

=
∑
|kj |≤µ
j=1,...,n

ck(Tµ)

(∫
Q(x,π)

φ(y)eik·ydy

)
eik·x

=
∑
|kj |≤µ
j=1,...,n

ck(Tµ)(2π)
nck(φ)e

ik·x

=
∑
|kj |≤µ
j=1,...,n

ck(Tµ)e
ik·x = (Tµ)(x).

Îïðåäåëåíèå 2.4. (ßäðî Äèðèõëå) Äëÿ µ ∈ N

Dµ(x) =
1

2

µ∑
k=−µ

eikx =
1

2
+

µ∑
k=1

cos(kx) =
sin(µ+ 1

2)x

2 sin x
2

,

D̃µ(x) =
1

π
Dµ(x).

Îòìåòèì, ÷òî

∥D̃µ∥∗L2
=

√
2µ+ 1

2π
(2.16)

è

∥D̃µ∥∗L∞
=

2µ+ 1

2π
. (2.17)

Èç íåðàâåíñòâ (2.16) è (2.17) ñëåäóåò, ÷òî äëÿ ëþáûõ 2 ≤ p ≤ ∞

∥D̃µ∥∗Lp
≤

(
2µ+ 1

2π

)1− 1
p

(2.18)

òàê êàê ñîãëàñíî èíòåðïîëÿöèîííîìó íåðàâåñòâó äëÿ ëåáåãîâûõ ïðîñòðàíñòâ

∥D̃µ∥∗Lp
≤

(
∥D̃µ∥∗L2

) 2
p
(
∥D̃µ∥∗L∞

)1− 2
p

.
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×àñòíûì ñëó÷àåì ðàâåíñòâà (2.14) ÿâëÿåòñÿ õîðîøî èçâåñòíîå ðàâåíñòâî

Tµ(x) = D̃µ(x) ∗ Tµ(x).

Çàìå÷àíèå 2.1. Åñëè φ � òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí ïîðÿäêà µ ïî êàæ-

äîé ïåðåìåííîé, òî ðàâåíñòâî (2.14) âûïîëíÿåòñÿ äëÿ ëþáûõ òðèãîíîìåòðè-

÷åñêèõ ìíîãî÷ëåíîâ Tµ ïîðÿäêà, íå ïðåâûøàþùåãî µ ïî êàæäîé ïåðåìåííîé

òîãäà è òîëüêî òîãäà, êîãäà

φ(x) =
1

(2π)n

∑
|kj |≤µ
j=1,...,n

eik·x =
1

(2π)n

n∏
j=1

∑
|kj |≤µ

eikjxj =
1

πn

n∏
j=1

Dµ(xj) =
n∏
j=1

D̃µ(xj).

Çàìå÷àíèå 2.2. Ïóñòü äëÿ α, n ∈ N

∆α(j) = {k ∈ Zn, |kj| ≤ α}

è

∆α = ∆α(1)× · · · ×∆α(n).

Åñëè φ � òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí ïîðÿäêà ν > µ ïî êàæäîé ïåðå-

ìåííîé, òî ðàâåíñòâî (2.14) âûïîëüíÿåòñÿ äëÿ ëþáûõ òðèãîíîìåòðè÷åñêèõ

ìíîãî÷ëåíîâ Tµ ïîðÿäêà, íå ïðåâûøàþùåãî µ ïî êàæäîé ïåðåìåííîé òîãäà è

òîëüêî òîãäà, êîãäà

φ(x) =
∑
k∈∆ν

cke
ik·x =

1

(2π)n

∑
k∈∆µ

eik·x +
∑

k∈∆ν\∆µ

cke
ik·x

=
n∏
j=1

D̃µ(xj) +
∑

k∈∆ν\∆µ

cke
ik·x. (2.19)

(
Â ÷àñòíîñòè, ïðè n = 1 φ(x) = D̃µ(x) +

(∑−µ−1
k=−ν +

∑ν
k=µ+1

)
cke

ik·x.

)
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Îïðåäåëåíèå 2.5. Ïóñòü äëÿ µ ∈ N, Îáîçíà÷èì ÷åðåç J∗

µ ìíîæåñòâî âñåõ

2π-ïåðèîäè÷åñêèõ ôóíêöèé φ ∈ L1(Q(0, π)), óäîâëåòâîðÿþùèõ óñëîâèþ (2.15)

(ñëåäîâàòåëüíî, èìåþùèõ âèä (2.19) äëÿ íåêîòîðîãî ν ∈ N, ν ≥ µ).

Ñîãëàñíî ëåììå 2.5 äëÿ òàêèõ ôóíêèè φ ñïðàâåäëèâà ðàâåíñòâî (2.14).

Îïðåäåëåíèå 2.6. (cì. [21]) Ïóñòü µ, ν ∈ N è ν > µ. ßäðî Âàëëå Ïóññåíà

îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

Vµ,ν(x) = (ν − µ)−1
ν−1∑
l=µ

Dl(x),

â ÷àñòíîñòè,

Vµ(x) = Vµ,2µ(x), µ ≥ 1, V0(x) = 1.

Çàìå÷àíèå 2.3. Äëÿ ν > µ ïðåäñòàâèì ÿäðî Äèðèõëå â âèäå

Dν(x) =
1

2
+ cos x+ · · ·+ cosµx+ (cos(µ+ 1)x+ · · ·+ cos νx)

= Dµ(x) +Dµ,ν(x),

ãäå

Dµ,ν(x) =
ν∑

l=µ+1

cos lx.

Òîãäà

Vµ,ν(x) =
1

ν − µ

ν−1∑
l=µ

Dl(x) =
1

ν − µ

(
Dµ(x) +

ν−1∑
l=µ+1

Dl(x)

)

=
1

ν − µ

(
Dµ(x) +

ν−1∑
l=µ+1

(
Dµ(x) +Dµ,l(x)

))

=
1

ν − µ

(
(ν − µ)Dµ(x) +

ν−1∑
l=µ+1

Dµ,l(x)

)

= Dµ(x) +
1

ν − µ

µ−1∑
l=m+1

Dµ,l(x).
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Ïîëîæèì

Ṽµ,ν(x) =
1

π
Vµ,ν(x), D̃µ,ν(x) =

1

π
Dµ,ν(x),

â ÷àñòíîñòè,

Ṽµ = Ṽµ,2µ(x),

òîãäà

Ṽµ,ν(x) = D̃µ(x) +
1

ν − µ

ν−1∑
l=µ+1

D̃µ,l(x).

×àñòíûì ñëó÷àåì ðàâåíñòâà (2.14) ÿâëÿåòñÿ ðàâåíñòâî

Tµ(x) = Ṽµ,ν(x) ∗ Tµ(x),

â ÷àñòíîñòè,

Tµ(x) = Ṽµ(x) ∗ Tµ(x).

Òåîðåìà 2.4. Ïóñòü µ ∈ N, 1 ≤ p ≤ ∞, òîãäà

∥Ṽµ∥∗Lp
≤ 3(2π)1/p−1µ1−1/p. (2.20)

Ýòî íåðàâåíñòâî ñëåäóåò èç îäíîìåðíûõ îöåíîê äëÿ ÿäðà Âàëëå-Ïóññåíà,

ïðèâåäåííûõ â êíèãå Â.Í. Òåìëÿêîâà [21] íà ñòð.10, c ó÷åòîì ïðèíÿòîãî â ýòîé

êíèãå îïðåäåëåíèÿ íîðìû || · ||Lp
(ñì. ñòð. 500):

∥Vµ∥∗L1
≤ 6π

è

∥Vµ∥∗L∞
≤ 3µ

è èíòåðïîëÿöèîííîãî íåðàâåíñòâà

∥Vµ∥∗Lp
≤ (∥Vµ∥∗L1

)
1
p (∥Vµ∥∗L∞

)1−
1
p ,

åñëè ó÷åñòü, ÷òî â íàøèõ îáîçíà÷åíèÿõ Ṽµ =
Vµ

2π .
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Òåîðåìà 2.5. (Ñëåäñòâèå èç íåðàâåíñòâî òèïà Þíãà äëÿ ïåðèîäè÷åñêèõ ïðî-

ñòðàíñòâ Ìîððè, ñì. [26])

Ïóñòü

0 ≤ λ ≤ n

p
, 1 ≤ r, p < q ≤ ∞, 1 +

1

q
=

1

r
+

1

p
,

f1 ∈ (Lr)
∗ è f2 ∈ (Mλ

p )
∗. Òîãäà

∥f1 ∗ f2∥∗
M

pλ
q

q

≤ ∥f1∥∗Lr
(∥f2∥∗Mλ

p
)
p
q (∥f2∥∗Lp

)1−
p
q . (2.21)

Òåîðåìà 2.6. Ïóñòü 1 ≤ r, p < q ≤ ∞, n, µ ∈ N, 0 ≤ λ ≤ n
p , 1 + 1

q = 1
r +

1
p .

Òîãäà

∥Tµ∥∗
M

pλ
q

q

≤ c(∥Tµ∥∗Mλ
p
)
p
q (∥Tµ∥∗Lp

)1−
p
q (2.22)

≤ cπλ(1−
p
q )∥Tµ∥∗Mλ

p

äëÿ ëþáîãî Tµ ∈ (Mλ
p )

∗, ãäå

c = c(n, µ, r) = inf
φ∈J∗

µ

∥φ∥∗Lr
.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ðàâåíñòâî (2.14) è íåðàâåíñòâà (2.21) è (2.3), ïî-

ëó÷èì, ÷òî äëÿ ëþáîé ôóíêöèè φ ∈ J∗
µ è äëÿ ëþáîãî Tµ ∈ (Mλ

p )
∗

∥Tµ∥∗
M

pλ
q

q

=
∥∥φ ∗ Tµ

∥∥∗
M

pλ
q

q

≤ ∥φ∥∗Lr
(∥Tµ∥∗Mλ

p
)
p
q (∥Tµ∥∗Lp

)1−
p
q

≤ πλ(1−
p
q )∥φ∥∗Lr

∥Tµ∥∗Mλ
p
.

Ïåðåõîäÿ ê èíôèìóìó ïî φ ∈ J∗
µ, ïîëó÷èì óòâåðæäåíèå òåîðåìû.

Ñëåäñòâèå 2.2. Ïóñòü 1 ≤ p ≤ q ≤ ∞, n, µ ∈ N, 0 ≤ λ ≤ n
p . Òîãäà äëÿ ëþáûõ

Tµ ∈ (Mλ
p )

∗

∥Tµ∥∗
M

pλ
q

q

≤ (3(2π)
1
q−

1
p )nµn(

1
p−

1
q )(∥Tµ∥∗Mλ

p
)
p
q (∥Tµ∥∗Lp

)1−
p
q (2.23)

≤ (3(2π)
1
q−

1
p )nπλ(1−

p
q )µn(

1
p−

1
q )∥Tµ∥∗Mλ

p
.
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Äîêàçàòåëüñòâî. Â êà÷åñòâå ôóíêöèè φ ∈ J∗

µ∩L∗
r â òåîðåìå 2.6 âîçüìåì ôóêí-

öèþ

φ(x) =
n∏
j=1

Ṽµ(xj).

Òîãäà ñîãëàñíî íåðàâåíñòâó (2.20)

∥φ∥∗Lr
= ∥φ∥Lr(Q(0,π)) =

n∏
j=1

∥Ṽµ(xj)∥Lr(−π,π) ≤ (3(2π)
1
r−1)nµn(1−

1
r )

= (3(2π)
1
q−

1
p )nµn(

1
p−

1
q ).

Ñëåäñòâèå 2.3. Ïóñòü 1 ≤ p ≤ q ≤ ∞, n, µ ∈ N, n(1p −
1
q ) ≤ λ ≤ n

p . Åñëè

Tµ ∈ (Mλ
p )

∗, òî èç íåðàâåíñòâà (2.1) è ñëåäñòâèÿ 2.2 ñëåäóåò, ÷òî

∥Tµ∥∗
M

λ−n( 1p− 1
q )

q

≤ π
λp
q −λ+n( 1p−

1
q )∥Tµ∥∗

M
λp
q

q

≤ 3(2nπλp)
1
q−

1
pµn(

1
p−

1
q )∥Tµ∥∗Mλ

p
.

Ñëåäñòâèå 2.4. Åñëè 1 ≤ p ≤ 2, q ≥ 2p
2−p, òî äëÿ ëþáîãî Tµ ∈ (Mλ

p )
∗

∥Tµ∥∗
M

pλ
q

q

≤
(
2µ+ 1

2π

)n( 1p−
1
q )

(∥Tµ∥∗Mλ
p
)
p
q (∥Tµ∥∗Lp

)1−
p
q ,

â ÷àñòíîñòè, äëÿ 0 ≤ λ ≤ n
2

∥Tµ∥∗
M

λ
2
2

≤
(
2µ+ 1

2π

)n
2

(∥Tµ∥∗Mλ
1
∥Tµ∥∗L1

)
1
2 ,

è ïðè q = ∞, p = 2

∥Tµ∥∗L∞
≤

(
2µ+ 1

2π

)n
2

∥Tµ∥∗L2
. (2.24)

Â ïîñëåäíåì íåðàâåíñòâå ïîñòîÿíàÿ òî÷íàÿ, ðàâåíñòâî äîñòèãàåòñÿ äëÿ

Tµ(x) =
∏n

l=1 D̃µ(xl).
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Äîêàçàòåëüñòâî. Â ðàññìàòðèâàåìîì ñëó÷àå r ≥ 2, â êà÷åñòâå ôóíêöèè φ ∈

J∗
µ ∩ L∗

r â òåîðåìå 2.6 áåðåòñÿ ôóíêöèÿ

φ(x) =
n∏
l=1

D̃µ(xl)

è èñïîëüçóþòñÿ ðàâåíñòâî (2.18). Òî, ÷òî äëÿ ôóíêöèè φ íåðàâåíñòâî (2.24)

îáðàùàåòñÿ â ðàâåíñòâî, ñëåäóåò èç ôîðìóë (2.16) è (2.17).

Çàìå÷àíèå 2.4. Íåðàâåíñòâî (2.23) � ýòî ïåðèîäè÷åñêèé àíàëîã íåðàâåíñòâà

ðàçíûõ ìåòðèê äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà (1.23).
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2.4. Íåðàâåíñòâî ðàçíûõ èçìåðåíèé äëÿ ïðîñòðàíñòâ (Mλ

p )
∗(Rn)

Îïðåäåëåíèå 2.7. Ïóñòü

0 < p1, p2 ≤ ∞, m1,m2 ∈ N, 0 ≤ λ1 ≤
m1

p1
, 0 ≤ λ2 ≤

m2

p2
.

Îïðåäåëèì ïðîñòðàíñòâî

(Mλ1
p1
(R)m1)∗ × (Mλ2

p2
(Rm2))∗

ñî ñìåøàííîé êâàçèíîðìîé êàê ìíîæåñòâî âñåõ èçìåðèìûõ ïî Ëåáåãó íà

Rm1+m2 ôóíêöèé f , äëÿ êîòîðûõ

∥Tµ∥∗Mλ1
p1 (Rm1)×Mλ2

p2 (Rm2)
= ∥∥Tµ(u1, u2)∥∗Mλ1

p1,u1(Rm1)
∥∗
M

λ2
p2,u2(Rm2)

= sup
y∈Q(0,π)(Rm2)

sup
0<ρ≤π

ρ−λ2∥ sup
x∈Q(0,π)(Rm1)

sup
0<r≤π

r−λ1

∥Tµ(u1, u2)∥Lp1,u1
(Q(x,r))∥Lp2,u2

(Q(x,r)) <∞.

Îòìåòèì íåêîòîðûå ñâîéñòâà ýòèõ ïðîñòðàíñòâ.

Ëåììà 2.6. Ïóñòü âûïîëíåíû óñëîâèÿ (1.32), f1 ∈ (Mλ1
p )∗(Rm1) f2 ∈

(Mλ2
p )∗(Rm2). Òîãäà f1f2 ∈ (Mλ1

p )∗(Rm1)× (Mλ2
p )∗(Rm2) è

∥f1f2∥∗Mλ1
p (Rm1)×Mλ2

p (Rm2)
= ∥f1∥∗Mλ1

p (Rm1)
∥f2∥∗Mλ2

p (Rm2)
. (2.25)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî,

∥f1f2∥∗Mλ1
p (Rm1)×Mλ2

p (Rm2)
= ∥∥f1(u1)f2(u2)∥∗Mλ1

p,u1(Rm1)
∥∗
M

λ2
p,u2(Rm2)

= ∥ |f2(u2)| ∥f1(u1)∥∗Mλ1
p,u1(Rm1)

∥∗
M

λ2
p,u2(Rm2)

= ∥f1∥∗Mλ1
p (Rm1)

∥f2∥∗Mλ2
p (Rm2)

.
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Ëåììà 2.7. Ïóñòü 0 < p ≤ ∞, m1,m2 ∈ N, 0 ≤ λ1 ≤ m1

p , 0 ≤ λ2 ≤ m2

p . Òîãäà

(Mλ1
p )∗(Rm1)× (Mλ2

p )∗(Rm2) ⊂ (Mλ1+λ2
p )∗(Rm1+m2), (2.26)

ïðè÷åì

∥Tµ∥∗Mλ1+λ2
p (Rm1+m2)

≤ ∥Tµ∥∗Mλ1
p (Rm1)×Mλ2

p (Rm2)
(2.27)

äëÿ ëþáûõ f ∈Mλ1
p (Rm1)×Mλ2

p (Rm2).

Äîêàçàòåëüñòâî. 1. Ïóñòü u1 ∈ Rm1, u2 ∈ Rm2, r > 0, òîãäà

QRm1+m2((u1, u2), r) = QRm1(u1, r)×QRm2(u2, r) (2.28)

Èñïîëüçóÿ ðàâåíñòâî (2.28), ïîëó÷èì, ÷òî

∥Tµ∥∗Mλ1+λ2
p (Rm1+m2)

= sup
u1∈Rm1

sup
u2∈Rm2

sup
r>0

r−λ1−λ2∥Tµ∥∗Lp(QRm1+m2 ((u1,u2),r))

= sup
u1∈Rm1

sup
u2∈Rm2

sup
r>0

r−λ1−λ2∥Tµ(v1, v2)∥∗Lp(QRm1 (u1,r)×QRm2 (u2,r))

= sup
u1∈Rm1

sup
u2∈Rm2

sup
r>0

r−λ2∥r−λ1∥Tµ(v1, v2)∥∗Lp,v1
(QRm1 (u1,r)

∥∗Lp,v2
(QRm2 (u2,r))

= sup
u2∈Rm2

sup
r>0

r−λ2∥ sup
u1∈Rm1

r−λ1∥Tµ(v1, v2)∥∗Lp,v1
(QRm1 (u1,r)

∥∗Lp,v2
(QRm2 (u2,r))

≤ sup
u2∈Rm2

sup
r>0

r−λ2∥ sup
u1∈Rm1

sup
ρ>0

ρ−λ1∥Tµ(v1, v2)∥∗Lp,v1
(QRm1 (u1,ρ)

∥∗Lp,v2
(QRm2 (u2,r))

= sup
u2∈Rm2

sup
r>0

r−λ2∥ ∥Tµ(v1, v2)∥∗Mλ1
p,v1(Rm1)

∥∗Lp,v2
(QRm2 (u2,r))

= ∥ ∥Tµ(v1, v2)∥∗Mλ1
p,v1(Rm1)

∥∗
M

λ2
p,v2(Rm2)

= ∥Tµ∥∗Mλ1
p (Rm1)×Mλ2

p (Rm2)
.

Òåîðåìà 2.7. Ïóñòü 1 ≤ p <∞, m, n ∈ N, m < n, 0 ≤ λ ≤ n
p , òîãäà

∥Tµ∥∗L∞(Rn−m)×Mλ
p (Rm) ≤ 3n−mµ

n−m
p ∥Tµ∥∗Lp(Rn−m)×Mλ

p (Rm). (2.29)
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Äîêàçàòåëüñòâî. Ïóñòü x = (u, v). Òàê êàê äëÿ ëþáîãî u ∈

QRm(0, π) Tµ(u, v) ∈ M∗
µ,p(Rn−m), òî ñîãëàñíî íåðàâåíñòâó (2.22) ñ q = ∞

∥Tµ(u, v)∥∗L∞,v(Rn−m) ≤ 3n−mµ
n−m

p ∥Tµ(u, v)∥∗Lp,v(Rn−m).

Ñëåäîâàòåëüíî,

∥Tµ∥∗L∞(Rn−m)×Mλ
p (Rm) = ∥∥Tµ(u, v)∥∗L∞,v(Rn−m)∥∗Mλ

p,u(Rm)

≤ 3n−mµ
n−m

p ∥∥Tµ(u, v)∥∗Lp,v(Rn−m)∥∗Mλ
p,u(Rm)

= 3n−mµ
n−m

p ∥Tµ∥∗Lp(Rn−m)×Mλ
p (Rm).

Çàìå÷àíèå 2.5. Åñëè λ = 0, òî î÷åâèäíî, ÷òî

(Lp)
∗(Rn−m)× (M 0

p )
∗(Rm) = (Lp)

∗(Rn−m)× (Lp)
∗(Rm) = (Lp)

∗(Rn),

îäíàêî, ïðè 0 < λ ≤ m
p ñîãëàñíî ëåììå 2.7

(Lp)
∗(Rn−m)× (Mλ

p )
∗(Rm) ⊂ (Mλ

p )
∗(Rn),

íî

(Lp)
∗(Rn−m)× (Mλ

p )
∗(Rm) ̸= (Mλ

p )
∗(Rn).

Òåîðåìà 2.8. Ïóñòü 1 ≤ p <∞, 1 ≤ θ ≤ ∞, µ,m, n ∈ N, m < n, 0 ≤ λ ≤ m
p ,

òîãäà äëÿ ëþáîãî Tµ ∈ (Mλ
p )

∗(Rm) ñóùåñòâóåò Tµ ∈ (Mλ
p )

∗(Rn) òàêîå ÷òî

Tµ(u, 0) = Tµ(u) äëÿ ëþáûõ u ∈ Rm è

∥Tµ∥∗Mλ
p (Rn) ≤ cµ−

n−m
p ∥Tµ∥∗Mλ

p (Rm).

Äîêàçàòåëüñòâî. Ïóñòü x = (u, v), Tµ ∈ (Mλ
p )

∗(Rm), Vµ(v) =
∏n

j=m+1
Vµ(xj)
Vµ(0)

è

Tµ(u, v) = Tµ(u)Vµ(v) äëÿ ëþáûõ u ∈ Rm è v ∈ Rn−m.
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Â ñèëó íåðàâåíñòâ (2.20) è (2.26) ïðè λ1 = 0, λ2 = λ,m1 = n−m,m2 = m

∥Tµ∥∗Mλ
p (Rn) ≤ ∥Tµ∥∗Lp(Rn−m)×Mλ

p (Rm) = ∥Vµ∥∗Lp(Rn−m)∥Tµ∥∗Mλ
p (Rm)

≤ cµ−
n−m

p ∥Tµ∥∗Mλ
p (Rm).
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Ãëàâà 3

Òåîðåìà âëîæåíèÿ è òåîðåìû î ñëåäàõ äëÿ ïðîñòðàíñòâ

Íèêîëüñêîãî-Áåñîâà-Ìîððè Br
θ(M̂

λ
p (Rn))

3.1. Ïðîñòðàíñòâî Íèêîëüñêîãî-Áåñîâà-Ìîððè Br
θ(M̂

λ
p (Rn))

Îïðåäåëåíèå 3.1. Ïóñòü 1 ≤ p, θ ≤ ∞, r > 0, 0 ≤ λ ≤ n
p . Áóäåì ãîâî-

ðèòü, ÷òî ôóíêöèÿ ïðèíàäëåæèò ïðîñòðàíñòâó Íèêîëüñêîãî-Áåñîâà-Ìîððè

f ∈ Br
θ(M̂

λ
p (Rn)), åñëè äëÿ íåêîòîðîãî a > 1

∥f∥
Br

θ(M̂
λ
p (Rn))

= inf

( ∞∑
s=0

arθs∥Qas∥θM̂λ
p (Rn)

)1/θ

<∞,

ãäå f ïðåäñòàâèìà â âèäå ðÿäà

f =
∞∑
s=0

Qas(x), x ∈ Rn, (3.1)

÷ëåíû êîòîðîãî öåëûå ôóíêöèè ýêñïîíåíöèàëüíîãî òèïà as, à èíôèìóì áå-

ðåòñÿ ïî âñåì ðàçëîæåíèÿì (3.1).

Çàìå÷àíèå 3.1. Àíàëîãè÷íî îïðåäåëÿþòñÿ ïðîñòðàíñòâà Br
θ(M

λ
p (Rn)),

Br′

θ (L∞,v(Rn−m)× M̂λ
p,u(Rm)).
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3.2. Òåîðåìà âëîæåíèÿ äëÿ ïðîñòðàíñòâ Br

θ(M̂
λ
p (Rn))

Òåîðåìà 3.1. Ïóñòü 1 ≤ p < q ≤ ∞, 1 ≤ θ ≤ ∞, r > 0, 0 ≤ λ ≤ n
p è

r′ = r − n

(
1

p
− 1

q

)
> 0.

Òîãäà

Br
θ(M̂

λ
p (Rn)) → Br′

θ (M̂
pλ
q
q (Rn)) (3.2)

Äîêàçàòåëüñòâî. Ïóñòü f ∈ Br
θ(M̂

λ
p (Rn)) è a > 1. Ïðåäñòàâèì ôóíêöèÿ f â

âèäå ðÿäà

f =
∞∑
s=0

Qas(x), x ∈ Rn,

÷ëåíû êîòîðîãî öåëûå ôóíêöèè ýêñïîíåíöèàëüíîãî òèïà as. Ñîãëàñíî íåðàâåí-

ñòâó (1.26)( ∞∑
s=0

ar
′θs∥Qas∥θ

M̂
pλ
q

q (Rn)

)1/θ

≤ c

( ∞∑
s=0

ar
′θsasθn(

1
p−

1
q )∥Qas∥θM̂λ

p (Rn)

)1/θ

= c

( ∞∑
s=0

arθs∥Qas∥θM̂λ
p (Rn)

)1/θ

.

Ñëåäîâàòåëüíî, ïåðåõîäÿ ê èíôèìóìàì ïî âñåì ðàçëîæåíèÿì , ïîëó÷èì

∥f∥
Br′

θ (M̂
pλ
q

q (Rn))
≤ c∥f∥

Br
θ(M̂

λ
p (Rn)),

îòêóäà è ñëåäóåò âëîæåíèå (3.2).

Çàìå÷àíèå 3.1. (Òðàíçèòèâíîñòü) Ïóñòü

r > 0, 1 ≤ p <∞

è

1 ≤ p ≤ q < q∗ ≤ ∞, r′ = r − n

(
1

p
− 1

q

)
> 0.
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Òîãäà èìååò ìåñòî òåîðåìà âëîæåíèå (3.2), êîòîðîå ìîæíî ðàññìàòðèâàòü

êàê ïåðåõîä îò r è p ê r′ è q.

Åñëè ïîëîæèì, ÷òî ïðîñòðàíñòâî Br′

θ (M̂
pλ
q
q (Rn)) ÿâëÿåòñÿ èñõîäíûì, ïðè

r′′ = r′ − n

(
1
q −

1
q∗

)
> 0, òîãäà

Br′

θ (M̂
pλ
q
q (Rn)) → Br′′

θ (M̂
q
pλ
q

q∗
q∗ (Rn)) = Br′′

θ (M̂
pλ
q∗
q∗ (Rn)).

Íî åñëè r′′∗ = r − n

(
1
p −

1
q∗

)
> 0, òîãäà èìååì ìåñòî âëîæåíèå

Br
θ(M̂

λ
p (Rn)) → B

r′′∗
θ (M̂

pλ
q∗
q∗ (Rn))

è èìååì ìåñòî ðàâåíñòâî

r′′∗ = r′′.

Ýòî ñëåäóåò, ÷òî âëîæåíèÿ èç ïåðâîãî ïðîñòðàíñòâà âî âòîðîå, à çàòåì

èç âòîðîãî â òðåòüå ìîæíî çàìåíèòü îäíèì âëîæåíèåì èç ïåðâîãî â òðå-

òüå.
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3.3. Ïðÿìàÿ òåîðåìà î ñëåäàõ äëÿ ïðîñòðàíñòâ

Br
θ(Lp(Rn−m)× M̂λ

p (Rm))

Îïðåäåëåíèå 3.2. (ñì. [2]) Ïóñòü f ∈ Lloc1 (Rn) è g ∈ Lloc1 (Rm). Ãîâîðÿò, ÷òî

ôóíêöèÿ g ÿâëÿåòñÿ ñëåäîì ôóíêöèè f , êðàòêî, g = trRmf , åñëè ñóùåñòâóåò

ôóíêöèÿ h, ýêâèâàëåíòíàÿ f íà Rn, êîòîðàÿ òàêîâà, ÷òî

h(·, v) → g(·) â Lloc1 (Rm) ïðè v → 0.

Òåîðåìà 3.2. Ïóñòü 1 < p, θ ≤ ∞, 1 ≤ m < n, 0 ≤ λ ≤ m
p . Òîãäà èìååò

ìåñòî âëîæåíèå

Br
θ(Lp(Rn−m)× M̂λ

p (Rm)) → Br′

θ (L∞(Rn−m)× M̂λ
p (Rm)), (3.3)

â ÷àñòíîñòè,

Br
θ(Lp(Rn−m)× M̂λ

p (Rm)) → Br′

θ (M̂
λ
p (Rm)), (3.4)

ãäå r′ = r − n−m
p > 0, òî åñòü, äëÿ ëþáûõ G ∈ Br

θ(Lp(Rn−m) × M̂λ
p (Rm))

ñóùåñòâóåò ñëåä g ∈ Br′

θ (M̂
λ
p (Rm)) íà Rm: G|Rm = g.

Äîêàçàòåëüñòâî. Ïðåäñòàâèì g â âèäå ðÿäà

g =
∞∑
s=0

Qas

ãäå Qas− öåëàÿ ôóíêöèÿ ýêñïîíåíöèàëüíîãî òèïà as, a > 1.

1. Ñîãëàñíî íåðàâåíñòâó (1.46), ïîëó÷àåì

∥g(u, v)∥
Br′

θ (L∞,v(Rn−m)×M̂λ
p,u(Rm))

= inf

( ∞∑
s=0

ar
′θs∥Qas∥θL∞(Rn−m)×M̂λ

p (Rm)

) 1
θ

≤

≤ inf

( ∞∑
s=0

2θ(n−m)ar
′θsas(

n−m
p )∥Qas∥θLp(Rn−m)×M̂λ

p (Rm)

) 1
θ

= 2n−m inf

( ∞∑
s=0

asθr∥Qas∥θLp(Rn−m)×M̂λ
p (Rm)

) 1
θ

= 2n−m∥g∥
Br

θ(Lp(Rn−m)×M̂λ
p (Rm))

.

îòêóäà è ñëåäóåò âëîæåíèå (3.3).
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3.4. Îáðàòíàÿ òåîðåìà î ñëåäàõ äëÿ ïðîñòðàíñòâ Br

θ(M̂
λ
p (Rm))

Òåîðåìà 3.3. Ïóñòü 1 < p ≤ ∞, 1 ≤ m < n, 0 ≤ λ ≤ m
p , r

′ = r − n−m
p > 0.

Òîãäà èìååò ìåñòî âëîæåíèå

Br′

θ (M̂
λ
p (Rm)) → Br

θ(M̂
λ
p (Rn)) (3.5)

è

Br′

θ (M̂
λ
p (Rm)) → Br

θ(Lp(Rn−m)× M̂λ
p (Rm)). (3.6)

Äîêàçàòåëüñòâî. Ïóñòü x = (u, v), u ∈ Rm, v ∈ Rn−m. Ðàññìîòðèì ïðîèçâîëü-

íîå ðàçëîæåíèå f ∈ Br′

θ (M̂
λ
p (Rm))

f(u) =
∞∑
s=0

Qas(u), u ∈ Rm,

ãäå Qas− öåëàÿ ôóíêöèÿ ýêñïîíåíöèàëüíîãî òèïà as, a > 1.

Ðàññìîòðèì ôóíêöèþ has îïðåäåëÿåìóþ ðàâåíñòâîì (1.49) è îïðåäåëèì íî-

âóþ ôóíêöèþ îò x ∈ Rn, èìåþùóþ ñëåäóþùèé âèä

g(x) =
∞∑
s=0

qas(x),

ãäå

qas(x) = Qas(u)has(v).

(Ýòî ñïåöèàëüíîå ðàçëîæåíèå g(x) ïî öåëûì ôóíêöèÿì îò x ýêñïîíåíöèàëüíîãî

òèïà as.)

Ñîãëàñíî íåðàâåíñòâó (1.40) è ðàâåíñòâó (1.34) ñ λ1 = λ, λ2 = 0, m1 =

m, m2 = n−m è íåðàâåíñòâó (1.50)

∥g∥
Br

θ(M̂
λ
p (Rn))

≤ ∥g∥
Br

θ(Lp(Rn−m)×M̂λ
p (Rm))

≤ inf

( ∞∑
s=0

asθr∥qas∥θLp,v(Rn−m)×M̂λ
p,u(Rm)

) 1
θ
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= inf

( ∞∑
s=0

asθr∥Qas(u)has(v)∥θLp,v(Rn−m)×M̂λ
p,u(Rm)

) 1
θ

= inf

( ∞∑
s=0

asθr∥Qas∥θM̂λ
p (Rm)

∥has∥θLp(Rn−m)

) 1
θ

≤ inf

( ∞∑
s=0

asθr(2π)θ
n−m

p a−sθ
n−m

p ∥Qas∥θM̂λ
p (Rm)

) 1
θ

= (2π)
n−m

p inf

( ∞∑
s=0

asθr
′∥Qas∥θM̂λ

p (Rm)

) 1
θ

= (2π)
n−m

p ∥f∥
Br′

θ (M̂λ
p (Rm))

,

îòêóäà è ñëåäóåò âëîæåíèÿ (3.5) è (3.6).

Çàìå÷àíèå 3.2. Èç ïðÿìîé òåîðåìû î ñëåäàõ (3.4) è îáðàòíîé òåîðåìû î

ñëåäàõ (3.6) ñëåäóåò óòâåðæäåíèå îá ïîëíîì îïèñàíèè ïðîñòðàíñòâà ñëåäîâ

íà Rm ôóíêöèé èç ïðîñòðàíñòâà Br
θ(Lp(Rn−m)× M̂λ

p (Rm)).

Òåîðåìà 3.4. Ïóñòü 1 ≤ p, θ ≤ ∞, n,m ∈ N, m < n, r′ = r − n−m
p = 0,

0 ≤ λ ≤ m
p . Òîãäà

TrRm(Br
θ(Lp(Rn−m)× M̂λ

p (Rm))) = {f |Rm : f ∈ Br
θ(Lp(Rn−m)× M̂λ

p (Rm))}

= Br′

θ (M̂
λ
p (Rm)).
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Ãëàâà 4

Òåîðåìà âëîæåíèÿ è òåîðåìû î ñëåäàõ äëÿ ïåðèîäè÷åñêèõ

ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-Ìîððè Br
θ((M

λ
p )

∗(Rn))

4.1. Ïåðèîäè÷åñêèå ïðîñòðàíñòâà Íèêîëüñêîãî-Áåñîâà-Ìîððè

Br
θ((M

λ
p )

∗(Rn))

Îïðåäåëåíèå 4.1. Ïóñòü 1 ≤ p, θ ≤ ∞, r > 0, 0 ≤ λ ≤ n
p . Áóäåì ãîâîðèòü,

÷òî ôóíêöèÿ f ïðèíàäëåæèò ïåðèîäè÷åñêîìó ïðîñòðàíñòâó Íèêîëüñêîãî-

Áåñîâà-Ìîððè Br
θ(M

λ
p )

∗, åñëè f − 2π-ïåðèîäè÷åñêàÿ èçìåðèìàÿ ôóíêöèÿ, äëÿ

êîòîðîé

∥f∥∗Br
θ(M

λ
p )

= inf

( ∞∑
k=0

2rθk(∥T2k∥∗Mλ
p
)θ
)1/θ

<∞,

ãäå f ïðåäñòàâèìà â âèäå ðÿäà

f =
∞∑
k=0

T2k(x), x ∈ Rn, (4.1)

÷ëåíû êîòîðîãî òðèãîíîìåòðè÷åñêèå ìíîãî÷ëåíû ïîðÿäêà íå âûøå 2k, à èí-

ôèìóì áåðåòñÿ ïî âñåì ðàçëîæåíèÿì (4.1).
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4.2. Òåîðåìà âëîæåíèÿ äëÿ ïðîñòðàíñòâ Br

θ((M
λ
p )

∗(Rn))

Òåîðåìà 4.1. Ïóñòü 1 ≤ p < q ≤ ∞, 1 ≤ θ ≤ ∞, r > 0, 0 ≤ λ ≤ n
p è

r′ = r − n

(
1

p
− 1

q

)
> 0.

Òîãäà

Br
θ(M

λ
p )

∗(Rn) → Br′

θ (M
pλ/q
q )∗(Rn). (4.2)

Äîêàçàòåëüñòâî. Ñîãëàñíî íåðàâåíñòâó (2.23)( ∞∑
k=0

2r
′θk∥T2k∥∗

θ

M
pλ
q

q

)1/θ

≤ c

( ∞∑
k=0

2r
′θk2kθn(

1
p−

1
q )∥T2k∥∗

θ

Mλ
p

)1/θ

=

= c

( ∞∑
k=0

2kθr∥T2k∥∗
θ

Mλ
p

)1/θ

.

Ñëåäîâàòåëüíî, ïåðåõîäÿ ê èíôèìóìàì ïî âñåì ðàçëîæåíèÿì (4.1), ïîëó÷èì,

÷òî

∥f∥∗
Br′

θ (M
pλ/q
q )

≤ c∥f∥∗Br
θ(M

λ
p )
,

îòêóäà è ñëåäóåò âëîæåíèå (4.2).
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4.3. Ïðÿìàÿ òåîðåìà î ñëåäàõ äëÿ ïðîñòðàíñòâ Br

θ((Lp)
∗(Rn−m) ×

(Mλ
p )

∗(Rm))

Òåîðåìà 4.2. Ïóñòü 1 ≤ p, θ ≤ ∞, r > 0, 0 ≤ λ ≤ m
p , 1 ≤ m < n. Òîãäà

èìååò ìåñòî âëîæåíèå

Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm)) → Br′

θ ((L∞)∗(Rn−m)× (Mλ
p )

∗(Rm)), (4.3)

â ÷àñòíîñòè,

Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm)) → Br′

θ ((M
λ
p )

∗(Rm)),

ãäå r′ = r − n−m
p > 0.

Äîêàçàòåëüñòâî. Ïóñòü x = (u, v), u = (x1, . . . , xm) ∈ Rm, v =

(xm+1, . . . , xn) ∈ Rn−m. Ïóñòü

f =
∞∑
k=0

T2k,

ãäå T2k− òðèãîíîìåòðè÷åñêèå ìíîãî÷ëåíû ïîðÿäêà íå âûøå 2k. Ñîãëàñíî íåðà-

âåíñòâó (2.29)

∥f∥∗
Br′

θ (L∞(Rn−m)×Mλ
p (Rm))

= inf

( ∞∑
k=0

2r
′θk∥T2k∥∗

θ

L∞(Rn−m)×Mλ
p (Rm)

) 1
θ

≤ inf

( ∞∑
k=0

3θ(n−m)2r
′θk2θk(

n−m
p )∥T2k∥∗

θ

Lp(Rn−m)×Mλ
p (Rm)

) 1
θ

= 3n−m inf

( ∞∑
k=0

2kθr∥T2k∥∗
θ

Lp(Rn−m)×Mλ
p (Rm)

) 1
θ

= 3n−m∥f∥∗Br
θ(Lp(Rn−m)×Mλ

p (Rm)),

îòêóäà è ñëåäóåò âëîæåíèå (4.3).
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4.4. Îáðàòíàÿ òåîðåìà î ñëåäàõ äëÿ ïðîñòðàíñòâ Br

θ((M
λ
p )

∗(Rm))

Òåîðåìà 4.3. Ïóñòü 1 ≤ p, θ <∞, m < n è r′ = r − n−m
p > 0. Òîãäà

Br′

θ ((M
λ
p )

∗(Rm)) → Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm))

è

Br′

θ ((M
λ
p )

∗(Rm)) → Br
θ((M

λ
p )

∗(Rn)).

Äîêàçàòåëüñòâî. Ïóñòü x = (u, v), u ∈ Rm, v ∈ Rn−m

f =
∞∑
k=0

T2k,

ãäå T2k− òðèãîíîìåòðè÷åñêèå ìíîãî÷ëåíû ïîðÿäêà íå âûøå 2k. Ïóñòü òàêæå

x = (u, v), T2k(u, 0) = T2k(u), V2k(v) =
∏n

j=m+1
V2k (v)

V2k (0)
, T̃2k(u, v) = T2k(u)V2k(v)

äëÿ ëþáûõ u ∈ Rm è v ∈ Rn−m. Òîãäà èç íåðàâåíñòâà (2.27) ïðè λ1 = 0, λ2 =

λ, m1 = n−m è m2 = m è íåðàâåíñòâà (2.25)

∥f∥∗Br
θ(M

λ
p (Rn)) = inf

( ∞∑
k=0

2rθk∥T2k∥∗
θ

Mλ
p (Rn)

) 1
θ

≤ inf

( ∞∑
k=0

2rθk∥T̃2k∥∗
θ

Mλ
p (Rn)

) 1
θ

≤ inf

( ∞∑
k=0

2rθk∥T̃2k∥∗
θ

Lp(Rn−m)×Mλ
p (Rm)

) 1
θ

= inf

( ∞∑
k=0

2rθk∥V2k∥∗
θ

Lp(Rn−m)∥T2k∥∗
θ

Mλ
p (Rm)

) 1
θ

≤ inf

( ∞∑
k=0

c2rθk2−θk
n−m

p ∥T2k∥∗
θ

Mλ
p (Rm)

) 1
θ

≤ c inf

( ∞∑
k=0

2r
′θk∥T2k∥∗

θ

Mλ
p (Rm)

) 1
θ

= c∥T2k∥∗Br′
θ (Mλ

p (Rm))
.

Çàìå÷àíèå 4.1. Èç ïðÿìîé òåîðåìû î ñëåäàõ (3.4) è îáðàòíîé òåîðåìû î

ñëåäàõ (3.6) ñëåäóåò óòâåðæäåíèå îá ïîëíîì îïèñàíèè ïðîñòðàíñòâà ñëåäîâ

íà Rm ôóíêöèé èç ïðîñòðàíñòâà Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm)).
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Òåîðåìà 4.4. Ïóñòü 1 ≤ p, θ ≤ ∞, n,m ∈ N ,m < n, r′ = r − n−m

p > 0,

0 ≤ λ ≤ m
p . Òîãäà

TrRm(Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm)))

= {f |Rm : f ∈ Br
θ((Lp)

∗(Rn−m)× (Mλ
p )

∗(Rm))}

= Br′

θ ((M
λ
p )

∗(Rm)).
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Çàêëþ÷åíèå

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû çàêëþ÷àþòñÿ â ñëåäóþùåì.

1. Äîêàçàíî íåðàâåíñòâî Áåðíøòåéíà äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî

òèïà ν äëÿ ïðîñòðàíñòâ Ìîððè.

2. Äîêàçàíî íåðàâåíñòâî ðàçíûõ ìåòðèê äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíî-

ãî òèïà ν äëÿ ïðîñòðàíñòâ Ìîððè.

3. Äîêàçàíî íåðàâåíñòâî ðàçíûõ èçìåðåíèé äëÿ öåëûõ ôóíêöèé ýêñïîíåíöè-

àëüíîãî òèïà ν äëÿ ïðîñòðàíñòâ Ìîððè.

4. Äîêàçàíî íåðàâåíñòâî Áåðíøòåéíà äëÿ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ.

5. Äîêàçàíî íåðàâåíñòâî ðàçíûõ ìåòðèê äëÿ òðèãîíîìåòðè÷åñêèõ ìíîãî÷ëåíîâ.

6. Äîêàçàíî íåðàâåíñòâî ðàçíûõ èçìåðåíèé äëÿ òðèãîíîìåòðè÷åñêèõ ìíîãî-

÷ëåíîâ.

7. Äîêàçàíà òåîðåìà âëîæåíèÿ äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-Ìîððè.

8. Äîêàçàíà ïðÿìàÿ òåîðåìà î ñëåäàõ äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-

Ìîððè.

9. Äîêàçàíà îáðàòíàÿ òåîðåìà î ñëåäàõ äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà-

Ìîððè.

10. Äîêàçàíà òåîðåìà âëîæåíèÿ äëÿ ïåðèîäè÷åñêèõ ïðîñòðàíñòâ Íèêîëüñêîãî-

Áåñîâà-Ìîððè.

11. Äîêàçàíà ïðÿìàÿ òåîðåìà î ñëåäàõ äëÿ ïåðèîäè÷åñêèõ ïðîñòðàíñòâ

Íèêîëüñêîãî-Áåñîâà-Ìîððè.

12. Äîêàçàíà îáðàòíàÿ òåîðåìà î ñëåäàõ äëÿ ïåðèîäè÷åñêèõ ïðîñòðàíñòâ

Íèêîëüñêîãî-Áåñîâà-Ìîððè.
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Ñïèñîê îáîçíà÷åíèé

N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë

R � ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë

B(x, r) � îòêðûòûé øàð ðàäèóñà r > 0 ñ öåíòðîì â òî÷êå x ∈ Rn

Q(x, r) = {y ∈ Rn : |xj − yj| < r, j = 1, . . . , n}

Lp(Rn) � ïðîñòðàíñòâî Ëåáåãà, äëÿ êîòîðûõ

∥f∥Lp(Rn) =
(∫

Rn

|f(x)|pdx
) 1

p

<∞

L∞(Rn) � áàíàõîâî ïðîñòðàíñòâî ôóíêöèé f , èçìåðèìûõ íà Rn, òàêèõ, ÷òî

∥f∥L∞(Rn) = ess sup
x∈Rn

|f(x)| <∞

Llocp (Rn) � ëîêàëüíîå ïðîñòðàíñòâî Ëåáåãà

(Lp)
∗ � ïåðèîäè÷åñêîå ïðîñòðàíñòâî Ëåáåãà

Mλ
p (Rn) � ïðîñòðàíñòâî Ìîððè

(Mλ
p )

∗(Rn) � ïåðèîäè÷åñêîå ïðîñòðàíñòâî Ìîððè

Eν(Rn) � ìíîæåñòâî âñåõ öåëûõ ôóíêöèè ýêñïîíåíöèàëüíîãî òèïà ν íà Rn

Mν,p(Rn) = Eν(Rn) ∩ Lp(Rn)

Dµ(x) � ÿäðî Äèðèõëå

Vµ,ν(x) � ÿäðî Âàëëå Ïóññåíà

Br
θ(M

λ
p (Rn)) � ïðîñòðàíñòâî Íèêîëüñêîãî-Áåñîâà-Ìîððè

Br
θ((M

λ
p )

∗(Rn)) � ïåðèîäè÷åñêîå ïðîñòðàíñòâî Íèêîëüñêîãî-Áåñîâà-Ìîððè
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